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Abstract 

This paper is a self contained review of the Loop Variable approach to string theory. The Exact 
Renormalization Group is applied to a world sheet theory describing string propagation in a general 
background involving both massless and massive modes. This gives interacting equations of motion for 
the modes of the string. Loop variable techniques are used to obtain gauge invariant equations. Since this 
method is not tied to flat space time or any particular background metric, it is manifestly background 
independent. The technique can be applied to both open and closed strings. Thus gauge invariant 
and generally covariant interacting equations of motion can be written for massive higher spin fields in 
arbitrary backgrounds. Some explicit examples are given. 
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1 Introduction 


This is a review article on the Loop Variable (LV) approach to obtaining equations of motion (EOM) for 
the various modes of the string. The LV method is based on the old idea [1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11] 
that requiring conformal invariance of the Polyakov action describing strings propagating in a background 
gives EOM for the background fields. From the point of view of the Polyakov action, these background fields 
are generalized coupling constants and their EOM are just generalized f3 functions. This technique was first 
applied to massless fields in the closed string where Einstein’s equations were obtained. Similarly for open 
strings Maxwell’s equations are obtained to lowest order in a'. At higher orders one obtains Dirac-Born- 
Infeld type generalization of Maxwell’s action[12]. The vertex operators describing massless gauge fields are 
marginal operators near zero momentum. So the beta functions do indeed give low energy equations. For a 
massive field such as the tachyon, vertex operators become marginal for non zero momentum (near the mass 
shell). The beta function calculation is a little more complicated [6] for massive modes. A related proper 
time formalism was developed in [13]. It can be shown [14, 13, 16, 17] that to all orders the equation of 
motion so obtained is equivalent to the S-matrix for on shell tacliyons. 1 When we get to the higher spin 
massive modes the naive method breaks down. This is because the equations obtained by this method are 
not gauge invariant. 

The problem of obtaining gauge invariant EOM is addressed by the LV formalism. A key idea in this 
formalism is borrowed from BRST string field theory where it was shown that including the extra fields 
needed for a gauge invariant description of string theory requires an extra world sheet field - the bosonized 
ghost coordinate. In the LV formalism it is found that the theory looks massless in one extra dimension 
and mass is obtained as the extra momentum component during dimensional reduction. The other key 
ingredient is the introduction of an infinite number of parameters - a generalization of the proper time - 
to parametrize the space of gauge transformations. These extra proper time parameters are reminiscent 
of the time parameters in the KP hierarchy. There too the group Dif /(S' 1 ), parametrized by an infinite 
number of variables plays an important role. A third ingredient is that all the vertex operators are collected 
together in one non local object - the loop variable. Thus unlike in string field theory where one expands 
in oscillators, here the expansion is in terms of vertex operators. All these ingredients put together give us 
a way of writing a very general two dimensional field theory. Instead of calculating the beta function for 
marginal operators as one does in a continuum field theory, here we apply the Exact Renormalization Group 
(ERG) transformation as first defined by Wilson [19, 20, 21, 22], on this cutoff field theory. The (infinite 
set of) equations are found to be gauge invariant and describe all the massive fields at the interacting level. 
The exact equations are quadratic in the fields. If, for instance, one solves for the massive modes in terms 
of massless modes one obtains low energy equations which are non polynomial in massless fields. Thus for 
the graviton Einstein’s equation is obtained. 

The free gauge invariant equations for open strings were first obtained by this method in [23]. They 
describe massless particles, and after dimensional reduction with mass, massive particles. The problem of 
writing down gauge invariant (free) equations for massless/massive tensor fields with arbitrary symmetry is 
thus solved. 2 There is another generalization that is also possible: One can do all this in a background 
curved space time. The requirement is that not only should the equations be gauge invariant but also 
generally covariant. It turns out that this can also be done - but only after dimensional reduction with mass. 

The gauge transformations have a particularly simple form in this method. The loop variable is parametrized 
by kfj,(t) a generalized momentum coordinate: 

Here k 0/1 is the usual space time momentum. The gauge transformations have the simple rescaling form 

k^t) -t k^(t) A(t) (1.0.1) 

1 There is a technicality here: the EOM is proportional to the beta function, the proportionality factor being the Zamolod- 
chikov metric [14, 15, 13, 18, 17]. 

2 For symmetric tensors it was solved many years back in [24, 25]. 
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where A(t) contains the gauge parameters 

A (t) = A 0 + — + .... + — + ... 
w t t n 

This suggests that gauge transformation in string theory has a geometric space time interpretations as some 
kind of scale transformations. In [23] it was speculated that the underlying gauge principle in string theory, 
generalizing the coordinate invariance of Einstein’s theory of gravity, is some generalized renormalization 
group elevated to a gauge symmetry. 

An approach to the interacting open string was developed in [26, 16] where the interacting theory was 
recast as a free theory where the string was, so to speak, thickened to a band with an extra parameter. When 
the product of two vertex operators had the same value of this parameter it was interpreted as a higher mode 
vertex operator, and when the value is different, it is interpreted as an interaction term between two fields. 
The method gave very easily a gauge invariant interacting theory. While this was elegant from the world 
sheet viewpoint, from the space time perspective, the equations were very complicated. 

A more satisfactory interacting theory is obtained by applying ERG transformation [28, 29]. The ERG 
is a quadratic equation. Thus in this formalism the string field equations are automatically quadratic. This 
is natural in string theory because the basic interaction is a cubic one - splitting one string into two or 
joining of two strings to form one. This interacting theory, for open strings, has an interesting property: 
unlike in string field theory, the interactions do not modify the gauge transformation rule of the fields. The 
interactions are written in terms of gauge invariant “field strengths”. In this sense even though the theory 
is interacting, it looks Abelian - when the gauge group is 17(1). If Chan-Paton factors are added to make 
the group non Abelian, then the gauge transformation rule is indeed modified. In contrast BRST string field 
theory [30, 31, 32] looks non Abelian even when the gauge group is U(l) although there are hints that field 
redefinitions can modify this feature [43] . 

The story gets a little more involved for closed strings [33, 34, 35]. This is due to the presence of the 
massless graviton. At the free level things work out as they should - one obtains linearized equations for the 
graviton with the usual “Abelian” gauge transformation: 

For the interactions, if one applies the procedure followed for open strings, one finds that everything 
works out correctly for a massive graviton! The gauge invariant “field strength” can be written down and, in 
terms of them, interactions also. However this field strength is not gauge invariant if the graviton is massless. 
It turns out that the resolution of this problem is to modify the gauge transformation law to include a shift 
of the coordinate X**. This relates the gauge transformation to coordinate transformations (as it should in 
general relativity (GR)) and modifies the gauge transformation rule for the metric fluctuation h^ u \ 

\ (1.0.3) 

The tensorial rotations are the result of including SX^ in the gauge transformation. (Note: e M = 

Thus for closed strings, interactions do indeed modify the gauge transformations and give them a 
non-Abelian structure. 

One can then introduce a background metric and make the theory invariant under background coordinate 
invariance i.e. a symmetry where not only the physical metric but also the background metric transforms. 
This is analogous to what happens in the background field formalism for non Abelian gauge theories. This 
requires that all other terms in the world sheet action be modified so that the theory is coordinate invariant. 

At this point there are two options: If the background metric is unrelated to the physical metric, then 
we have to ensure that somehow the action is further modified so that there is no net dependence on 
the background metric. In order to achieve this some field redefinitions of the massive modes have to be 
performed. However if we let the background metric be the same as the physical metric then the theory is 
correct as it stands. 

Once this covariantization is done, we have to study again whether there is a clash between gauge 
invariance and general coordinate invariance. It turns out that there is a clash for the higher spin fields if we 
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follow the naive procedure. However, when the higher spin fields are massive, it is possible to get around this. 
There is a systematic procedure for modifying the equations of motion by adding higher derivative terms 
involving the Stuckelberg fields coupled to the curvature tensor such that gauge symmetry is preserved. 
These terms are not there in flat space. Also since the Stuckelberg fields can be set to zero by a gauge 
transformation, the physical fields continue to have two derivative propagation equations, even in curved 
space time. 

In summary, this procedure gives gauge invariant and general coordinate equations for all the massive 
modes of the string. This formalism is thus “background independent”. Another approach to background 
independent formalism for string theory is described in [36] and developed further in [37, 38, 39]. 

There are some open questions as well: 

Whether these equations are physically equivalent to those of BRST string field theory has not been 
checked or investigated in detail. However there is reason to believe that they are equivalent. Being gauge 
invariant one can always fix gauge and obtain world sheet theory in the old covariant formalism, which is 
the Polyakov action in conformal gauge without any ghosts. Also imposing conformal (Weyl) invariance at 
the free level is equivalent to the physical state Virasoro constraints. So the theory reduces exactly to the 
old covariant formalism and the interacting beta function constraints should be equivalent to the on shell 
S-matrix, by the same arguments that worked for the tachyon [40]. 

A related issue that needs to be resolved is about the world sheet action for the extra coordinate. In 
obtaining the free equations of motion for the string fields, only the coincident two point function of this 
held is needed. However in calculating the S matrix, if one wants to reproduce the S matrix of the old 
covariant formalism, this coordinate should not contribute at all. This requires that the Green function 
vanish everywhere except at coincident points. This is a little unusual - it corresponds to an infinitely 
massive world sheet held. This needs to be understood better. 

This paper is a self contained review of this approach and is organized as follows: Section 2 describes the 
beta function approach and explains the problems involved in obtaining gauge invariant equations. Section 
3 describes the basic loop variable and explains how one obtains the free gauge invariant equations for the 
open string. Section 4 describes dimensional reduction. Section 5 reviews the ERG and applies it to open 
strings in hat space. Section 6 gives a prescription for a consistent map from loop variables to space time 
helds in curved space time in such a way that gauge invariance is preserved. Section 7 describes closed strings 
in arbitrary backgrounds and gives the gauge invariant formulation. Section 8 describes the connection with 
old covariant formalism for string theory. Section 9 contains conclusions. 


2 Free Equations for Open Strings Fields 


In this section we explain the RG method with some examples and explain the issues. We start with the 
Polyakov action modified by boundary terms describing an open string background. 

5 = —^ [ d 2 a{d a X^d a X^} + [ dxYg'V^x) ( 2 . 0 . 1 ) 

4W J r J dr Y 

Here T is the UHP plane (or the unit disc) and <9T is the real axis (or the unit circle). The two point 
function for points on the real axis is obeying Neumann boundary conditions is 


( X(z)X(w )) = 2 a'ln(z — w ) 


This will be regularized when z = w to 

{X^(z)X v (z)) = —2 r]^a'(ln(a) + a(z)) 

For the open string the vertex operators are all along the real axis where z = z. So the chiral field X {z) has 
all the oscillators for the open string and on the real axis the vertex operators corresponding to derivatives 
of X(z). The cutoff is taken to be ae a where a is the Liouville mode. This simple regularization prescription 
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is all one needs for the free theory. When we write down the full ERG a more well defined regularization will 
be required. Even in that case, the exact form of the regulator is immaterial. Different choices correspond 
to different schemes and the idea of universality is that the physics of the continuum does not depend on 
these details. In string theory this translates to the statement that the S-matrix will not be affected. Thus 
different world sheet regularization schemes must correspond to field redefinition of the space-time fields. 

2.1 Vertex Operators and /? functions 

Let us consider some of the simplest vertex operators in turn. 

2.1.1 Tachyon 

The vertex operator for the tachyon is just e lk » x ( z ) m Thus we add to the action 

A S= f dk 0 <t>(ko) [ dz —e ifc °' A ' (z) 

J JdT ae° 

We can write the vertex operator as a normal ordered operator: 

e ik 0 .X(z) _ e ~-j-{X{z)X(z)) . e ik 0 .X g c/ k%(ln(a)+cr) . gifco-A' . 

Thus 

A S= f dk 0 Mk 0 ) f dz J_e«'*o(»"(«)+^) ; e ifc °' A : 

J JdT ae a 

Requiring either, dl ^ a ^ A S = 0 (vanishing (3 function) or more precisely (^AS')| <T =o = 0 (independence 
from Liouvillc mode i.e. Weyl invariance) gives the condition: 

(a'k 2 0 - l)^(fco) = 0 (2.1.2) 

Note that this is the same as the Virasoro condition [L 0 ,V{z)\ = 0. 

2.1.2 Vector 

The question of gauge invariance arises for the vector. The vertex operator is kind z X IJ 'e lko X ( z \ One can 
think of kin as the polarization of the gauge field. But it is more useful to proceed as follows: In the world 
sheet action we add the background term 

J dzA li (X(z))d x X' t ( Z ) = J dk 0 j dzAn(k 0 )e iko - x ^d z X^z) 

It is convenient to write A M as a moment: 


d 

Afj.(ko) = J \\\dk\ v ]k\n^[kou,k\ v ,A v {ko)] (2.1.3) 

and think of as a generalized momentum, dual to A M . The “wave function” has the information about 
the momentum dependence of A^{k o). It is also convenient to write the vertex operator as e lk o-X(z)+ik 1 .d z x(z) 
remembering to keep only terms linear in k\. This can be written in terms of a normal ordered vertex operator 
with the Liouville mode dependence being made explicit. 

^iko.X(z)+ik\.d z X(z) _ ^(ko.ko{X(z)X(z))+2ko.ki{X(z)d z X(z))+ki.ki(d z X(z)d z X(z))) . iko-X(z)+iki.d z X(z ) . 

In our case we need keep only terms linear in k\. This gives 

e -ik 0 .k 0 (x(z)x(z))^ . k^dzX^e^ 0 '^ : - k 0 .k 1 (X{z)d z X{z))e ik °- x ^ ) ] 



= e -Po.fco*(*)[* . . -fc 0 .fc 1 i^ f 7(^)e ifco - x(z )] 

The coefficient of a gives the L 0 condition kg = 0 and the coefficient of d z a gives the condition [Li, V ( 2 )] = 0. 
However it is possible to combine the two as follows: 

-4— / dz e - 2 fc o-fco<r(*)[j : : -ko-k^d^z)^ 0 -^} = 0 

ocr{z) J 2 

= [ko.koik^ - ko.kiikon} : d z X»e ik ° x ^ := 0 (2.1.4) 

We have integrated by parts the 2 derivative. This is equivalent to the freedom of adding total derivatives to 
the action. The net result is a gauge invariant equation: If we replace the polarization by a longitudinal 
Aifco M the equation is invariant. 

k\^, —> fcip + Aifcop (2.1.5) 

If we replace k\ M by A ^ we get Maxwell’s equation with gauge invariance 

Afj,{k\ 0 ) —> AM + fcopA(fco) 

where A is a gauge parameter which can be related to Ai if the wave function is expanded to include the 
gauge parameters also. Thus let 'f>[ko„,ki ll ,A v (ko),\i,A(ko)\ be the wave function satisfying additionally 

J[dki v d\i] \i'k[ko„,k lu ,\ 1 ,A I/ (ko),A(k 0 )] = A (k 0 ) (2.1.6) 

Thus in all equations involving the generalized momenta the integral over these momenta and 4' can be 
understood, and we can convert it to field equations. Schematically we write 

(Ai) = A(fc 0 ) ; {ikifj) = A^ko) 


Thus 

{ko-kok^ - k 0 .kiko^) = k^A^ - k 0tl k 0 .A 
which is Maxwell’s equation in momentum space. 

The gauge invariance of this equation, as explained above corresponds to the freedom to add total 
derivatives to the world sheet action. This is also the invariance associated with L_ 1 of the Virasoro group. 

2.1.3 Spin2 

At spin 2 one expects two vertex operators :d z X ll d z X , 'e lko X ^ and d'iX ll e lko ' X ( z \ Thus one can add to the 
action 

A'S' = j dz [~S liV (X(z))d z X^d z X v + s 2 ^x(z))d 2 z x») 

There are two problems: 

For spin 2 and higher there should be symmetries associated with T_i, L _2 and higher. L_ 1 symmetries 
correspond to adding total derivatives and is manifest. However there is no such freedom manifest in the 
world sheet action for L _2 or higher. Thus one does not expect the equation obtained by the same method 
to have any of the required higher gauge symmetries associated with massive modes. 

Furthermore if one applies the Weyl invariance constraint on vertex operators such as d 2 X ll e lko ' X ^ 
one obtains Liouville mode dependent terms such as ko^d 2 ae tko ' X ^ z ' > . Integrating by parts one obtains 
a contribution to the equation involving three powers of momenta. This does not lead to an acceptable 
equation of motion, which should be quadratic in derivatives. This problem gets worse at higher levels. 

This the straightforward application of the vanishing (3 function condition does not lead to a satisfactory 
equation of motion. In the next section we introduce the loop variable to solve these problems at the free 
level. 


9 



3 Loop Variable for the Open String 

3.1 Loop Variable as a Collection of Vertex Operators 

We first describe how all the open string vertex operators can be collected in a loop variable. Consider the 
following loop variable 3 where c refers to a circle about the point z: 


with 


ikoX(z)-\-i f dt ak(t)d z X (z-\-at) 
p J c 


k(t) = k 0 + y + ^ + .... 


(3.1.1) 


(3.1.3) 


a is a short distance cutoff and is useful for keeping track of the dimension of operators. When we Taylor 
expand the exponential in a power series we get the following terms: 

e ik 0 x(z)+if c dt ak(t)0 M x(z+at ) = e ik 0 x( z ) ^ + ik ^ a d z x^ - ^k Xy ,k lv a 2 d z X» d z X v + ik 2lx a 2 d 2 X fl + ...] (3.1.2) 
We generalize in the last section to be k x , k 2 ,..., k n ,...} and define 

(O) = [dk n d\ n ]0'S)[ko,ki,k 2 ,.. ;k n ,...] 

n — 1,00 ^ 

generalizing what was done for the first few levels in Section 2. Thus for instance 

( kifjkii ,) = S^vi^ko) 

(k 2fl ) = S 2lz (k 0 ) 

3.2 Gauge Invariant Formulation 

3.2.1 Extra variables to parametrize gauge transformations 

The loop variable is generalized to [23] (We have set a = 1 below) 

gi J a(t)k(t)d z X(z+t)dt+ikoX /g 2 

a[t) can be thought of as an “einbein” to make the loop variable reparametrization invariant in t. But we 
will not need this interpretation here. Let us assume the following Laurent expansion: 


(3.1.4) 


1 . ai a 2 «3 

“W = 1 + — + — + — 


<*■<*■ < 3 - 2 - 6 > 
We Taylor expand X(z + t) and Laurent expand k(t),a(t). It is useful to define the following combinations: 


Y = X + a x d z X + a 2 d 2 z X + o 3 


Y 

1 rr 


d?X 


= X 


'y' 0L n Y n 


n> 0 


Yi = d z X + a x dlX + a 2 


dfX 


d™X 
(m — 1 )! 


y 1 a n-md z X 
(n — 1)! 


a n d n z X 
(n — 1)! 


a n -id?X 
(n — 1)! 


(3.2.7) 


(3.2.8) 

(3.2.9) 


3 The integral is actually J) . We suppress the 2n i in all the equations. We use t (or s) always to parametrize the loop 
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We also define ao = 1 then the > signs in the summations above can be replaced by >. 
In terms of these Y n ’s we have (Yo = Y) 

i J a(t)k(t)dzX(z+t)dt+ik 0 X j y~) k n Y n 


Let us now introduce x n by the following: 


a(t) = a nt n 

n> 0 


y' t~ 

— gZ—/rn>0 


Thus 


They satisfy the property, 


Using this we see that 


and also 


CCi = Xi 

x\ 

0.1 = — + XI 

x\ 

«3 = W7 + X\Xi + X 3 


do n 

OXm 


— Q^n—m? 


n> m 


Y n 


dY 

dx n 


d 2 Y 


dx m dx 


n 


dY 


*^n+m 


(3.2.10) 

(3.2.11) 


(3.2.12) 

(3.2.13) 

(3.2.14) 

(3.2.15) 


3.2.2 Generalizing the Liouville mode 

We will work with the F’s rather than X and define E = (Y(z)Y(z)). (This is equal to the Liouville mode 
a in coordinates where a(s) = 1.) We then impose ^ = 0 on the normal ordered vertex operator. 

We have for the coincident two point functions: 


(Y Y) = Y 

<y ” r) “ sH 

{Yu Y m ) = h-, 


dY 


2 c)t (c)t \ 
Using this the normal ordering gives the following E dependence: 

^ J a(t)k(t)d z X(z-\-t)dt+ikoX _ knYn 


) 


d E 


= ezpjfcpE + y, kn-kp + 


n>0 

W k k h d2Yl 

/ J r ' j n’ rXj m y \ 

n,m>0 
• e i Z)n knYn 


dY 


2 dXndXrrt 


dx 


n+m 


-)} 


(3.2.16) 


(3.2.17) 
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3.2.3 Two derivative EOM 


The important thing to note is that there are never more than two derivatives acting on T and in fact only 
one when it multiplies fc n .fc 0 . Thus on integrating by parts we never get more than two powers of k$. 

For instance: 



d' 2 T 

Dx r , Oxffi 


U ± )1 . e iko-Y 

dx n -\-rn 



e ik ° Y : 


This solves the problem of getting an EOM that has only two derivatives. 


3.2.4 Gauge transformations 

Actually introduction of a(t) also solves the problem of gauge invariance. For, in order to be allowed to 
integrate by parts one must integrate over the x n . Thus we effectively integrate over a(n): f Va{t) = dx n . 

But in that case we can always multiply a(t) by \(t) = e^ n ^° " . This just translates x n — > x n + y n 

under which the measure is invariant. But this is the same as (1.0.1) 

k^t) A(t)fc M (t) 

This should be a symmetry. We will show that this is in fact a gauge symmetry of the theory, that 
includes and generalizes the 17(1) gauge symmetry of electromagnetism described in (2.1.5). 

Thus we expand A (t) in inverse powers of t, with Ao = 1. 

n 

Then we can write (1.0.1) as 

n 

k n ^ ^ \ A mkn—m (3.2.18) 

m= 0 

In order to interpret these equations in terms of space-time fields we need a generalization of ((3.1.3)). 
They have to be extended to include A as in (2.1.6). Thus we assume that the string wave-functional is also 
a functional of A (t): tUffco, ki,..., k n , ..., Ai, A 2 ,..., A„,...] 

Thus we let terms involving one A to be equal to gauge parameters: 

(Ai) = Ai(fco) 

(Ai/ci^) = An M (fco) 

(A 2 ) = A 2 (fc 0 ) (3.2.19) 

The gauge transformations ((1.0.1)) thus become, after mapping to space time fields by evaluating (..): 


A^ko) 

S 2 M 

5 , ii/iz/(^o) 


Tl^(fco) + fc 0M Ai(fc 0 ) 

<S2/j(fco) + fco/iA 2 (fco) + An A1 (fco) 
Sn^(ko) + 


(3.2.20) 


3.2.5 Explanation of gauge invariance of EOM and tracelessness of gauge parameters 


The mechanism for gauge invariance can be understood as follows: As we have seen, a gauge transformation, 
which is a translation of x n , changes the normal ordered loop variable by a total derivative in x n which 
doesn’t affect the equation of motion. More precisely the gauge variation of the loop variable is a term of 
the form ^-[A(£)i?], where B doesn’t depend on £. The coefficient of ST, is obtained as 




d SA SA dB 

^d^^ST 6 ^ + 6T SY, d^ 
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-]<5E = 0 


f 15 A dB 5A dB . 

= J ^~YEd^ + SfUbn 

Here we have used an integration by parts. 

When we actually do the calculation, the above argument does not quite work. This is because we have 
simplified some of the terms using (3.2.15). Let us look at the terms up to level 3 - the pattern easily 
generalizes. The loop variable including E dependence is: 


J, J* a(t)k(t)d z X(z+t)dt+ikoX _ i ^ fc n Y n 


dT, 1 <9 2 E 

exp{kl E + ki.k 0 -^r + 

, , , a 2 s as, , , as. 

- + k3 ' k °g^J 


as, 

5X2 ' 


fco.fcr 


as 

5x 2 


dx\dx 2 

i(fe 0 .F+fe 1 .Y 1 +fe 2 Y 2 +fe 3 .Y'3) . 


(3.2.21) 


Let us extract the terms involving Ai after performing a gauge transformation. One finds in the exponent: 

r 2 as a 2 s as ? , as. 

Al[fe "Sr + “ aS* + h ‘“W 

+A,[ffci.fci + to- a^) + 

, a r » , , as , , as, 4 , , a 2 s as N 

= Ai-—|fc 0 E + k\.ko- -b k 2 .k 0 - 5 —J + Aifci.fci(-— -——) 

OX\ OX i OX 2 OX\OX2 OX 3 

If we set Aifci.fci = 0 then the change in the loop variable is a total derivative in X\. This will give a gauge 
invariant contribution to the EOM by the arguments given in the previous paragraph. Since it is in the 
exponent, the condition AiAq.fci = 0 actually means Aifci.fci(...) = 0 where the three dots indicate any other 
combinations of loop momenta k n . For the gauge parameters, this is a tracelessness condition, which is 
known to be required in higher spin theories. At higher levels this becomes A n k m .k p {....) = 0 for m,p > 0. 

3.2.6 Spin 2 EOM 

Let us apply ^| s=0 = 0 to (3.2.21). One gets very easily: 


[: ik1k 2 .Y 2 — ik\.kok\.Y 2 — ik 2 .k 0 ko-Y 2 + ik\.k\ko.Y 2 \e 


ik 0 Y 


+ [k 1 .k 0 k 0 .Yik 1 .Y 1 + ^Mko-Yi) 2 - ^k$(k 1 .Y 1 ) 2 ]e ik ° Y = 0 (3.2.22) 

We have separated by square brackets the two vertex operators at level 2. It is very easy to check that the 
equations are invariant under 

k\ —> k\ + Ai&o j k 2 —> k 2 + Aifci + X 2 ko (3.2.23) 

Converting to space time fields (using (...) (3.1.3)) one obtains: 

nS2 li -d v S vlt -d li d v S 2v + d ll SZ = 0 (3.2.24) 

\n s^ + ^d^d„s p p -d„d p s^ = 0 (3.2.25) 

The gauge transformations are 

S 2l j S 2ll + kQ^A 2 + Ah m 

(3.2.26) 
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3.2.7 Spin 3 EOM 

By the same procedure one finds the EOM for spin 3: 


Hfcg (fcl 3 V )3 +ik 1 .k 0 k 0 .Yi (kl y & - ^hMko-Yifih.Y^} + 

[ik$k 3 .Y 3 — ik\.kok2-Y 3 — ifc 2 .fcofc 1 .F 3 + ik\.k\ki.Y 3 — ik 3 .k 0 k 0 .Y 3 + 2 ifc 2 .fc 1 fco.l 3 ] + 

[-fcgfc 1 .F 1 fc 2 .l 2 + fc 1 .fcofco-F 1 fc 2 .F 2 + fci.fc 0 fci.F 2 fci.Fi + fc 2 -fcofco-F 2 fc 1 .F 1 

-fc 1 .fc 1 fco.F 2 fc 1 .F 1 - fc 1 .fc 1 fco.F 1 fc 1 .F 2 - fc 2 .fc 1 fco.F 2 fco.F 1 ] = 0 (3.2.27) 

We have collected in square brackets, vertex operators of a given type. Thus these are three separate 
equations. They are invariant under (3.2.23) along with 

k 3 —> k 3 + A x fc 2 + A 2 fci + Agfco 

Space time fields for Spin 3 are defined later. 


4 Dimensional Reduction 

The equations obtained above are gauge invariant and describe massless fields. The second equation for the 
spin 2 level is in fact the free equation for a massless spin 2 tensor such as the graviton. However we are 
trying to describe the massive spin 2 and the field S 2/i is required for this. We do not have a mass term in 
any of the equations. This is because what we have done so far is not strictly a beta function calculation. 
We have not included the a dependence associated with the engineering (classical) dimensions of the vertex 
operators - only the anomalous dimension. Including the engineering dimension is difficult to do because we 
are working with E, which is a linear combination of cj and its derivatives. 

Now in the BRST formalism it was shown that the extra auxiliary and Stueckelberg fields necessary 
for a gauge invariant description of string theory are obtained from the oscillators of a bosonized ghost 
coordinate, minus the first oscillator mode. Motivated by this let us assume that one of the coordinates 
Y d is this extra coordinate. Let us call it 9 and the corresponding momentum q(t). We then perform a 
Kaluza-Klein dimensional reduction and let qo , the internal momentum be the mass of the field. To match 
with string theory q q will have to be set equal to the engineering dimension of the vertex operator. 4 So 
(in some appropriate units) we can set q% = 1. Thus the engineering dimension arises as the anomalous 
dimension associated with the extra dimension. 

In the BRST formalism some field redefinitions have to be performed to get the fields into a form that is 
obtainable by dimensional reduction of a massless higher dimensional theory. This redefinition works only 
in the critical dimension and with the correct string spectrum. Here we automatically get it in that form 
directly. Furthermore gauge invariance is not affected by dimensional reduction, so q$ can have any value. 
We can choose it to match the string spectrum. But we will keep it as q% till we are forced to some specific 
value. There is also no critical dimension so far. However it was shown in [40] that if one wants the gauge 
transformations and constraints to be in the standard form of string theory, field redefinitions need to be 
done, and can be done only in the critical dimension and with the right spectrum. 

With these comments out of the way, let us proceed with the dimensional reduction. 

4.1 Dimensional Reduction of the free EOM: Spin 2, Spin 3 

We first give explicitly the details regarding dimensional reduction of the Spin 2 and Spin 3 system described 
above. 

4 This means that it is not a simple S 1 compactification, which would have required qo to be an integer. We need to be 
an integer to match the string spectrum. 
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4.1.1 Spin 2 

The naive field content is 


(kipkiv) 

= Sll if j,V 

(4.1.1) 

(ki»qi) 

= Su,n 

(4.1.2) 

(qm) 

= S u 

(4.1.3) 

(fan) 

= 

(4.1.4) 

( 52 } 

= s 2 

(4.1.5) 


The gauge parameters are then 


(fa) 

= a 2 

(4.1.6) 

(fafan) 

— All,A* 

(4.1.7) 

(Ai?i) 

= A n 

(4.1.8) 



(4.1.9) 


The field transformations are 


S 2 ,n 

->■ 

S 2 fj, + fan^-2 + An^ 

(4.1.10) 

s 2 


S 2 + ( 70 A 2 + An 

(4.1.11) 

Sll.Al!/ 

-t 

Su,ij.v + v) 

(4.1.12) 

Su,n 

-l 

Su,n + fco/iAn + goAii^ 

(4.1.13) 

Su 


-Sii + 250 A 11 

(4.1.14) 


(4.1.15) 


Thus Sii^, Su form a gauge invariant massive spin 2 and S 2 ^, S 2 form a massive spin 1. One can 
gauge away S n jM , Su, S 2 using An^, An, A 2 and get a gauge fixed covariant description of a massive spin 2 
and massive spin 1. However this is not the correct field content for open strings at the first massive level. 

Comparison with String Spectrum: 

For a string in D dimensions, the physical states (defined by light cone oscillators a l _ 2 , cd_icr(_i) are 


:Q 


( 10 ) 


(15-1=14) 


0(D — 2) tensors given by: LJ(4), 

They are combined in the 0(D — 1) symmetric traceless tensor: 

These are the transverse components of a massive 0(D) tensor (for which 0(D — 1) is the little group). 
Although D = 26 for the bosonic string we use a smaller number for D, say D = 6 to specify the size of the 
rep. Thus the numbers in brackets are the dimensions of the reps for D = 6. For a covariant description 
we keep the trace. For a gauge invariant description an additional vector and a scalar are also needed as we 
have seen above. 


4.1.2 Q-rules for level 2 

The resolution is to use the identifications (called Q-rules): 


<Mi 

= 52® 

(4.1.16) 

qifan 

II 

O 

to 

■e 

(4.1.17) 

faqi 

— A 2 5o 

(4.1.18) 


These can be used to get rid of qi from the equations. This is motivated by the BRST prescription [30] of 
eliminating the first oscillator in the bosonized ghost field. These identifications are made by requiring that 
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the LHS and RHS transform the same way under gauge transformation. This ensures that gauge invariance 
is maintained during the truncation of the field content. Then S 2)J which becomes identified with S'n^ up 
to a factor of <70 ^ 0 gets gauged away when we gauge away Su^. Also Su and S 2 get identified and can 
be gauged away. Thus we are left with just Sn IM/ - which gives the field content for a covariant description 
of a massive symmetric tensor and reproduces the open string spectrum. 

One important point to note is that these Q-rules are consistent with the idea of a higher dimensional 
origin. Namely, if we let /.t = 5 in the second equation, we do get the first equation. For higher levels these q 
rules are quite non trivial but, very surprisingly, they continue to be consistent with dimensional reduction. 

Massive spin 2 equation: 

We give the resulting equation for massive spin 2 field. 

^( fc o + Qo) k i»ki v - ^ko-kiki^kou) + ^konkouh-h ^ \qlk 2 ^k 0u ) + ^k 0 ^k 0 ^q 2 qo = 0 (4.1.19) 


4.1.3 Spin 3 

(k lfi ki,;k lp ) = 5 f 1 7 > ; (fcipfcmgi) = S^; (ki^qiqi) = S^-, (qiqiqi) = S111 
{k2„k lv ) = S 2 T; (fci^ 2 ) = S f 2 ; <fc2„gi) = S&; 

(k-}) = S£; ( q 3 ) = S 3 

The gauge transformations again follow an obvious pattern: 


SSgf = (A ^hvk?) = k^A^l 


SS iii = (Ai^o^i^m + Qik^k^)) = q 0 A ^ A"\ t 

^Sfn = (Ai(2gigo^i/j + Qikofj,)) = ^QoA^n + kg Am 
dSin = 3(Ai<7i<7o) = 3goAm 

SSg = (Xi(k 0u k 2fi + k^k lv ) + A 2 fco M fcm) = k v g A£ + A^! + *#A? 2 
= (Ai(/co/i92 + qiki/j,) + X 2 ki^qo) = kgA 2 \ + A(‘ 11 + A^ 2 qg 
$S 2 i = {Xi(k 2fl qo + qiki^) + X 2 ko^qi) = A 21 qg + A^ + kgAi 2 

SS3 = (A3/C0M + X 2 kif 1 + Ai k 2/J/ ) = kg A3 + A^ 2 + A 21 


These describe a massive spin 3, spin 2 and spin 1, as obtained by dimensional reduction of a massless 
theory in one higher dimension. 

Once again this is not the open string spectrum. 

Comparison with string spectrum: 

3 1111(4), QQ=E_( 10 )© 


The physical states (light cone oscillators a 1 _ 3 , cd_ 2 a -i> aL 1 a^_ 1 a^. 1 ) areL 
(6)) and E 


1(20) for a total of 40 states. 


These can be combined into a symmetric traceless 3-tensor and an antisymmetric 2-tensor of 0(D — 1) 
(the little group for a massive particle): 


1(35-5=30) ,_(10) 


Fully covariant description of a three tensor requires a traceless three tensor, a vector (which can be 
taken to be the trace of a traceful three tensor) and a scalar. Clearly a truncation is required. Once again 
we specify the Q-rules at this level. 


16 





4.1.4 Q-rules for level 3 


{qiki^k lu ) 

{qiqihv) 

(qifon) 

(<?l<?29o) 

(A lqihip ) 

(A 251 ) 

(Aigigi) 


= is'r 1 ® 

<« = sM 

(2fc 3 9o - 92 fa**) = 2S 3 q 3 - 
(939o) = (9i) = S 3Vo 

(2 ^ki^qo + -\ik- 2 fiqo) = 2^12 + A 2 i) 9 o 

(2A3<7o — Ai92) = 2A 3 q 0 — A 2 i 
(A 3 9o) = A 3Qo 


This results in some modifications in gauge transformations. 

3 1 

5{q 2 k\p) = (^X 2 ki M + -Ai/c 2ai )<7o + X\q 2 k 3ll , = 3X 3 qo 

The resulting truncated set of fields are given below: 


(ki^khykip) 

{\k 2 [»k lv ]) 

(^^(/iki^qo = kipki^qi) 


{kspql = ki^ql = ~(k llx q 2 + k 2 pqi)qo) 

(kip,q 2 ) 

(<?39o = 92 <?i9o = 9?) 


'Sill livp 
A-zipv 

021^1/90 

^3fiQo 

S\ 2 p 

S 3 q 2 0 


(4.1.20) 


(4.1.21) 


(4.1.22) 


Note that symmetrization and anti-symmetrization are not normalized to 1. Hence the factor of A in the 
definition of the index tensors. Their gauge parameters and transformations are: 


(A19191 = -(A 2 9i + Xiq 2 )qo = X 3 q%) 
(2 (Ai <?2 — A 2 9 i)) 
(Ai9ifci M = -(A 2 fci M + Xik 2 p)qo) 

{-^{X 2 kip - Ai k 2fi )) 
{X\kipki v ) 


A 39o 

a a9o 

2 (Ai 2 /j, + A 2 i a1 )9o = 9o A S 
^(Ai 2fl — A 2 i a1 ) = A^ 

Aiii^i/ 


ss 3 

= 3A 3 9o 

SS 3 p 

= 2A5 m + kopA 3 

S(^3/j,qo — 5i2„) = SSA/j,qo 

= A-A^qo + kopAAp,qo 

5Sp„ 

= Am^y + fco^Agj,) 


II 

?$- 

O 

> 

XSnipvp 

— fco(/xA llljyp ) 


(4.1.23) 


(4.1.24) 
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The tracelessness condition on the gauge parameter is \\ki.ki + Xiqiqi = 0. Thus 

Ahi%+A 3 9o 2 = 0 (4.1.25) 

This is the field content for a covariant and gauge invariant equation. All fields other than the three 
index symmetric tensor and the antisymmetric two tensor can be set to zero by a choice of gauge. This thus 
agrees with the open string spectrum at level 3. The set of constraints, gauge transformation and connection 
with the old covariant (OC) formalism is described in Section 8. 

Massive spin 3 EOM: 

We take the massless equation (3.2.36) and perform the dimensional reduction and apply the q-rules 
given above. As an illustration we give below the equation corresponding to the vertex operator Y-f'Y-f'Yf. 
(In our notation, symmetrization, indicated by curved brackets, is not normalized to 1 - just the sum of 
permutations.) 

-7^(fco + 9o)fci/A^i P - + k^k lv k 0p) ql) - -^(hMh^kopko^ + qlh {p k 0v k 0p) ) = 0 

(4.1.26) 

4.2 Q-rules for higher levels 

The procedure for obtaining the massless equations and subsequent naive dimensional reduction is the same 
at higher levels. The new ingredient that crops up at each level is the consistent truncation of the spectrum 
to match with open strings. This is done by getting rid of the states that involve q\. This is done in a 
manner that preserves gauge invariance by working out the analog of the q-rules at higher levels. Though 
we have not attempted to find a systematic procedure that works at all levels, we have explicitly worked out 
the rules for level 4 and 5. It turns out to involve solving a number of sets of overdetermined linear equations 
for some unknown coefficients. It is interesting that they have a consistent solution. Even more interesting 
is that they can be chosen to be consistent with the idea of dimensional reduction - a requirement that on 
the face of it seems completely independent. This is also an overdetermined set which turns out to have a 
solution. We give the results below. It would be interesting to explore this further and find some underlying 
pattern. 

4.2.1 Q-rules for level 4 

The basic procedure in obtaining the Q-rules is as follows. Start with the highest spin field at that level, 
where the Q-rule is uniquely fixed by the symmetry of the indices. This, in turn, also implies a corresponding 
Q-rule for the gauge parameter. For example, at level 4 we have qifcipfcmfcip. The only possibility is to set it 
equal to l/3k 2 ( p ki„k lp ' ) . The factor 1/3 compensates for the three permutations. Quite generally we choose 
the sum of the coefficients on the RHS to be 1. 

Now consider the gauge transformation of the LHS: qiAifco^fcmfcip) + Xiqoki p ki^ki p . Matching the 
coefficient of k 0p on both sides gives immediately: 

Q : qiX\ki p ki v —> l/3(X 2 ki p ki l , + X\k 2p ki v + X\ki p k 2v ) 

This is a general pattern. Once we write down a Q-rule for the fields with n indices, this fixes some 
Q-rules for gauge parameters with n — 1 indices. Thus for instance the Q-rule for the two index field 5 : 

Q : qik 2 ( fi k ll/ ) ->■ —qok 3 ^k lv ) + Bq 2 k llJ k lv + Ck 2p k 2v 

We immediately get constraints on A, B, C matching the gauge parameters on both sides: A = 6—4 C, B = 
3 C — 4. Also by comparing coefficients of k 3p we get Q-rules for gauge parameters (with one index, such as 
qiX 2 ki p , qiXik 2p ) in terms of A , B , C. 

*Note that the antisymmetric combination, q\ fo[ ; Ai iA ■ is uniquely fixed to be go^ 3 [ P ^t!/] 
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This continues till we have the full set of Q-rules for level 4. The results for the remaining fields are given 
below: 


1 / A. \ 

qik 2 ^ki v = -^\-^qok^k lv ) + Bq 2 ki ll k lv + Cq 3 k 2 ^k 2u + qoh^k^J 


Qi k\fj,kfo, 

qik 3fi 

qlk 2 ^ 

q\ki^ 

q^kifj. 


= qo 


i^-^-qok3(ij,ki v ) + B 2 q 2 kinki u + C 2 q 0 k 2tl k 2v }j 


= qo 


(Aiqokin + B x q 2 k 2 ^ + Ciq 3 kx 
qo (^A 3 q 3 k 4 ^ + B 3 q 2 k 2/Ji + C 3 q 3 ki^j 
+ B 3 q 2 k 2 ^ + Ciq 3 k\ M 
(^Asqokifj, + B 3 q 2 k 2ll + C 3 q 3 k\ 


ql 


q\q 3 = aiq 3 qo + h q\ 

= a 2 qiql + b 2 q 0 ql 


q\q2 

qf 


amqo + Mo <72 
The corresponding Q-rules for gauge transformations are: 

qiX 2 k\ v 


(4.2.27) 


1 a A 

2 [(1 + ~^)qoX 3 k\ v + (" 2 " — l)qoMk 3l , + CqoX 2 k 2v + Bq 2 X\kh,] 


qiXik 2l/ 

q\Xiki v 

q\X 3 
q\X 2 
qf Xi 

qiq 2 Xi 


1 A A 

2 [( — 1 + ~2 )qoX 3 ki u + (— + l)q Q Xik 3u + CqoX 2 k 2l , + Bq 2 Ai/ci„] 
A 2 

—qo{^3kiv + Ai k 3 ) + C 2 qlX 2 k 2l , + B 2 q 0 q 2 Xiki v 
Ali<7oA4 + B\X 2 q 2 + CiXiq 3 
qo(A 3 q 3 X 4 + B 3 X 2 q 2 + C 3 X±q 3 ) 

<7o(^49oA4 + B4X 2 q 2 + C4Xiq 3 ) 
qo(A 3 qoX4 + B 3 X 2 q 2 + C 3 Xiq 3 ) 


(4.2.28) 


All the parameters turn out to be fixed in terms of two, (which we take to be C, B 2 ) when we require 
consistency with gauge transformations. 

The general two parameter solution is given below: 


{A = 6 - 4C, B = 3C - 4} 


{Ai = 


3(C — 2) 


Bi = 


6-5 C 


{M — 


{A 2 — 

3 C + 2B 2 - 6 


2-3 C 1 2-3 C 

2-4 B 2 


r 2 -°! 

1 2 — 3(7^ 


{A 4 = 

{a 3 = — 


2 — 3C 
2 + 6B 2 - 3 C 


B 3 = 


c - l + B H 

3 ’ ° 2 " “l? -1 

2(10 - 2 B 2 - 9 C) 


2 — 3C 
2 B 2 


b 4 = - 


3(2-3 C) 
AB 2 


2(2 — B 2 ) 

3 3(2 -3(7) 3 

2 B 2 


2-3 C' 


C4 = - 


2 — 3(7 


} 


2-3 <7’ 


2 - 4^ 2 - 3C 2(2 — B 2 — 3(7) 

5 O/O 0/-~Y\ ’ '“'5 0/0 O /-~Y\ J 


3(2 - 3(7) ’ 


3(2 - 3(7) 


r _ 3(2-(7) 25 2 + 3<7-4 

- 7771— 6 i - 0/1 I d \ ) 


2(1 + B 2 ) 


2(1 + B 2 ) 
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(4.2.29) 


{<22 


1-2B 2 

i + b 2 ’ 


&2 


35 2 
l + 5 2 


{a 3 = 


3 C - 55 2 - 2 


, _ 3(l + 25 2 -C). 

b 3 - -- 1 


1 + 5 2 1 + 5 2 

Consistency with Dimensional Reduction 

We explain the issue of this consistency with an example. Consider the term q\ki p k\ v k\ p . According to 
the Q-rules this is equal to 


Q ■ q\k\pk lv ki p -+ -{k2pki v ki p + k 2p k lp k lv + k 2 „k lp ki p ) 

Now dimensionally reduce both terms, choosing p to be 6. If this dimensional reduction commutes with the 
Q-rule it should be true that 


Q ■ qlki p ki v = Q : ~{qik 2p k lv + qik 2v k lp + q 2 k lp ki v ) 
The two parameter family of Q-rules in fact gives: 

qlkipkiv = qol^-qok^k^ + B 2 q 2 k lp ki v + C 2 k 2p k 2l )j 


with A 2 = 2 j ^ 2 , C 2 = i+ ^ 2 . Similarly 


qik 2p k\v + qik 2v ki p = (—qok^k^ + Bq 2 ki p k\v + Ck 2p k 2 ^j 


with A = 6 — 4 C, B = —4+3C. Requiring agreement fixes C = 1 + B 2l thus fixing one parameter. Continuing 
this process one more step by setting v = 9 gives one more constraint and fixes C = 1 ,B 2 =0. Interestingly, 
all other constraints for all other terms are satisfied with this choice. 

We give the final solution below: 


{A = 2, B = —1, C = 1} 
{A x = 3, Bi = —1, C\ = —1} 


<*-§■ 

b 2 = 0, 

II 

CO| 

{A 3 = 3, 

b 3 = 

II 

wl 

{A 4 = 1, 

5 4 = 0, 

C 4 = 0} 

{A 5 = 0, 

1 

B5= 3’ 

«-!> 

{oi 

= *, bi = 
2 

4> 


{a 2 = 1, b 2 = 0} 

{a 3 = 1, b 3 = 0} (4.2.30) 
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4.2.2 Q-rules for Level 5 

Q rules for Level 5 are quite complicated and are given in the Appendix C (C). Once again one obtains 
a highly overdetermined set of linear equations, which turn out to have a four parameter set of solutions. 
Requiring consistency with dimensional reduction gives another overdetermined set of equations for these 
parameters, which again turn out to have a unique solution. It would be interesting to understand the 
underlying pattern that guarantees the existence of such solutions. 

To summarize: using the information presented thus far it is easy to write down gauge invariant free 
equations for all the higher spin modes of string theory. In order to truncate the spectrum consistently one 
needs the Q-rules which have been given here up to level 5. For higher levels these have to be worked out. 
The gauge transformation has a simple form - it looks like a scale transformation. 

We now need to describe interactions. For this purpose we will generalize the scale (Weyl) invariance of 
the free theory to the exact renormalization group (ERG) symmetry. This will automatically give us the 
interactions. 


5 Exact Renormalization Group in String Theory 

In this section we review some basic facts about the ERG, its connection with the continuum /3-function, 
and how this applies to the world sheet description of string theory. 

5.1 Generalities about the RG 

We recall the arguments of [19, 20, 21, 22] as applied to string theory. The world sheet action for the bosonic 
string in general open string backgrounds has the generic form: 


S = \ [ d 2 a{d°X 11 d a } + [ dtL x 

2 Jr Jar 

L\ = (S' 1 ' 1 ) 

i i i 

p runs from 0 — D — 1. D is 26 for the bosonic string. d 2 cr is the area element in real coordinates and 
dt the line element. Here T denotes the (Euclidean) world sheet. Thus at tree level T is a disc (or upper half 
plane). cT denotes the boundary of T. Thus d 2 a = dxdy and dt = dx for the upper half plane. 

L\ corresponds to the boundary action corresponding to condensation of open string modes. (For con¬ 
creteness we restrict ourselves to open string backgrounds, which are boundary terms.) We denote by 
Mi , Wi , and Ri, marginal, irrelevant and relevant operators respectively. g l jW 1 ,//, are the corresponding 
coupling constants. In string theory, on shell vertex operators are marginal. If k is the space time momentum 
of a string mode with mass m, the length dimension of the corresponding vertex operator increases as k 2 , 
and when k 2 = m 2 it is marginal. 

The world sheet theory is defined with an ultraviolet cutoff, A. Thus the partition function is 


' bl<A 


[dX(p)]exp{ -SpT(p), gi , w . t , m]} 


(5.1.2) 


It is more convenient to discuss a finite RG “blocking” transformation that takes the cutoff A to -j, rather 
than making an infinitesimal change. Denote it by 7 Z. Thus 1Z is to be implemented as follows: 

1. Perform the integral /a < | j) | <a [' dX(p)]exp{-S[X(p )]}. 

2. Rescale momenta: Let p' = 2 p. Now the range of p' is again 0 — A. 

3. Rescale the surviving X(p), 0 < |p| < Let X(p) = ZX'(p'). Choose Z so that the kinetic term 
p 2 X(p)X(—p) has the same normalization as before. 
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There is a subtlety here that needs to be pointed out. The scaling of X in general changes the integration 
measure [dX(p)\. This is related to the trace anomaly in a field theory. In string theory this is related to the 
/3 function associated with a closed string mode - the dilaton. We will postpone this point to a later section. 
As a result of all the above we get for the partition function: 

[ IdX'ljp'^expi-SlX'ljp'),^,™^^]} (5.1.3) 

J\v' l< A 

which is exactly the same as before except that the coupling constants have different values. Thus 
effectively 

K ■ ( 9 ,w,n) — >(g',w',g') (5.1.4) 

defines the discrete renormalization group transformation. 

We can then define a recursion relation between the coupling constants: 

TZ : (g h wi,ni )—> (gi+i, w t+1 , g l+1 ) 

At a fixed point, the couplings satisfy: 

n : {g*, W \g*)^{g*,w*,g*) 

In string theory there are an infinite number of vertex operators, but to keep the discussion 
keep one of each type. 

The recursion relation thus takes the form 


9l +1 

= 4 gi +N^[m,gi,wi\ 


9i +1 

= 9i + Ng[vi,gi,wi\ 


Wl+l 

= -wi+ N w [gi,gi,wi\ 

(5.1.7) 


where the factor 4 characterizes a dimension-2 relevant operator (eg. a mass term, X 2 ) and the factor 
1/4 characterizes a dimension-4 irrelevant operator, say of the form (dXdX) 2 . N fl , N g and N w correspond 
to higher order corrections which we take to be small in perturbation theory. 

At a fixed point one has 


(5.1.5) 

(5.1.6) 
simple we 


9i 

= 9i +1 


Wl 

= Wl+l 


9i 

= 9i +1 

(5.1.8) 


which means that doing a block transformation does not change anything. This can only be true if there are 
no dimensionful physical quantities with which to compare the cutoff A. Otherwise we would be able to tell 
the difference between A and A/2. Thus the theory has an overall scale - the cutoff, A, and no other scale. 
So correlation lengths are either infinite or zero. 

It is important to note that w* ^ 0 in general. In the context of string theory at low (space time) 
energies massive modes are irrelevant couplings. Thus it is not true in general that the massive modes have 
zero vev’s. Nevertheless we can eliminate the massive modes using their equations of motion and obtain 
equations of motion for the massless modes - which at low energies correspond to marginal operators. We 
can understand this in terms of the recursion relations. We follow the discussion of Wilson [20]. 

Let 0 < l < L be the range of the index /, with ^ 0 , 301^0 being the parameters of the action at high 
energies. From eqn. ((5.1.7)) we see that to lowest order go- This blows up rapidly with L. This 

is the famous “fine-tuning” problem: go has to be tuned very accurately for g^, the low energy effective 
parameter to have some observed value. Thus it is better to use /ij, as our input. The irrelevant wo, on the 
other hand keeps getting smaller and can be used as an input parameter. This way it can be seen easily that 
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Hi,wi,gi rapidly lose their dependence on wq: this is the statement of universality. The marginal coupling, 
gi is important for all values of l. 

Now let us iterate the equations (5.f .7) a number of times. The equations are: 


L—l 

gi = 4 l ~ L n L - ^2 4*“ (n+1) A^[/. t, n ,g n ,Wn] 

n=l 

(5.1.9) 

l-l 

Wi = 4~ l w 0 + y^4 n+1 ~ l N w [ii n ,g n ,w n ] 

(5.1.10) 

n=0 


/-I 


9l =9lo+Yl N g[9n,gn,W n } 

(5.1.11) 

n=lo 



We can solve these equation iteratively with the following starting inputs obtained by neglecting the 
non-linear corrections: 


/M = 4 Z L g, L 

wi = 4 ~ 1 wq 

gi = gi 0 ( 5 . 1 . 12 ) 


The solution in general has the form 


gi Vg (<7/q , ^lL ; ^0 1 1 ^0 7 


and similarly for fii , wi. 

The solution simplifies when l » 0 and l « L. Namely the dependence on /j,l and wo of gi is so weak 
(0{A l ~ L and 4~ l ) that we can set g,L = w o = 0 with negligible error. Furthermore the summations can be 
extended to +oo for /q and —oo for wi. The resulting equations have a translational invariance in l and Iq. 
Thus 

9i =V g [l-l 0 ,gi o ] (5.1.13) 


Z — Zo is the log of the ratio of the scales and g is dimensionless to begin with. There are no absolute scales 
in this equation. Furthermore in this region the recursion relation can be approximated by a differential 
equation, the usual Gell-Mann - Low, Callan-Symanzik /3-function involving just the marginal coupling. The 
solution of this gives us g* . In string theory this corresponds to EOM for the massless fields, in which the 
massive fields have been integrated out. Classically, this means solving their EOM. One can also solve for 
the fixed point value w* , which is not zero. Thus the massive mode expectation values are not zero. What 
is nice is that we don’t need them to solve for g*. 

If we perform an infinitesimal RG transformation the equations (i.e. N w , N g , /V M ) are polynomial in the 
couplings, while the /3 functions are non polynomial. This is exactly analogous to the relation between string 
field theory, which is polynomial in the fields and the low energy EOM, which are not. BRST open string 
field theory has a cubic action and a quadratic EOM. The ERG is also quadratic in the fields. 

There is one more important point: This is the fact that the ERG is obviously written with a finite cutoff. 
One can perform an infinite number of RG iterations and reach the continuum. All theories on the same RG 
trajectory describe the same physics. The information about the cutoff scale is contained in the values of the 
couplings. However, if the couplings are tuned to the values at the fixed point, the value of the cutoff does 
not matter. It can be kept finite or taken to infinity or to zero. This can be illustrated by just considering 


the normal ordering corrections of a vertex operator. 


(fc^ — l)Zn,(a) 


Ak.X 


Thus when k 2 = 2, the 


dependence on the cutoff disappears. At this level of approximation this is the fixed point. Conversely, off 
shell (read away from a fixed point) one needs to keep a finite cutoff. In string field theory the role of the 
cutoff is played by the string length, which is finite. 
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To summarize: the exact RG in this approach gives equation analogous to those of string field theory. It 
can be taken to be an alternative way of writing down string field theory equations. What we will see in the 
following is that these equations can be made gauge invariant, as in BRST string field theory. Not only that, 
the world sheet formalism is manifestly background independent, so we obtain a background independent 
formalism. 


5.2 Exact RG in Position Space 

The discussion here follows [19] and [21]. The exact RG [19] originally was written in momentum space. We 
work in position space because it is more convenient for two dimensional theories. We start with a quantum 
mechanical version and then generalize in a straightforward way to field theory. 


5.2.1 Quantum Mechanics 

Consider the Schroedinger equation 


.dip _ ld 2 ip 
1 dt 2 dy 2 


for which the Green’s function is 
ip' = e T ip. We get 


l 

y/2TT(t 2 ~t 1 ) 


■■ (y?.-y-i d 
e 2(£ 2 -*l) . 


Let us change variables :y 


dip' 


1 d d 

2 dx dx 


■ x )ip' 


The Green’s function is: 


G(x 2 ,t 2 ; xi,0) = 


Thus as t 2 —> oo it goes over to ^=e i x 2 . 


1 (f2 T2 ' l ~ 

g 2(l-e- 2T 2) 

— e -2r2 ) 

As t 2 —> 0 it goes to <$(xi — x 2 ). 


xe T , it 


(5.2.14) 


e 2r and 


(5.2.15) 

(5.2.16) 


ip{x 2 ,T 2 ) 


dxiG(x 2 ,T 2: xi, 0)ip(xi, 0) 


So 

ip{x 2 , 0 ) = ip(x 2 ) 

which has all the information about the original function. 

1 _i 2 /' 

ip(x 2 , 00 ) = —j=e- 2X2 / dxiip(xi) 

V 27r J 

where X\ is integrated over fully and all information about the original function is lost. Thus consider 

ip(x 2 ,r ) = +x 2 )ip{x 2 ,r) (5.2.17) 


with initial condition ip(x, 0) Thus we can define Z(t) = J dx 2 ip{x 2 ,r), where ip obeys the above equation, 
we see that -p^Z = 0. Although Z is independent of r, the integrand changes from being the original function, 
to a Gaussian times the original function integrated over. 

Now take the initial wave function as where x denotes the space-time coordinates. Then for r = 00 

ip cs J Vxe lS ^ is the integrated partition function. At r = 0 it is the unintegrated e lS ^ x h r can parametrize 
a cutoff so that the high momentum modes get integrated out first. 

Following [21], we shall also split the action into a kinetic term and interaction term. Thus we write 
ip = e~^ x f( T )+ L ( x ) in the quantum mechanical case discussed above. 
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By choosing a, b, B suitably ( b = 2a/, B = -fcj) in 


dip 

dr 


= B h a ^ +bl) * { - x ' T) 


we get 


dL 

~d^ 


]_ 

2 / 


2 f 2 dx 2 



(5.2.18) 


Note that if / = G” 1 (G can be thought of as the propagator) then jj = —G. The first term on the RHS 
is a field independent constant term, which is normally neglected. The effect of neglecting this term is that 
the partition function satisfies 

dr 2/ 
or 

d(ln Z) f 

dr 2/ 

If we add to L a field independent but r dependent term, we can get rid of this. This is equivalent to adding 
a “counterterm” for the cosmological constant. In field theory however, if the background is curved, this 
term produces a non local metric dependent term which cannot be canceled by a local counterterm. This is 
the trace anomaly. 

In most discussions of the exact RG in flat space this field independent term is neglected. 


5.3 Field Theory 

We now apply this to a Euclidean field theory. 


^ _ e ~\ f dz f dz'X(z)G 1 (z,z')X(z')+f dzL[X(z),X'(z)] 


(5.3.19) 


Here X'(z) = d z X{z). There is a straightforward generalization to the case where higher derivatives 
X"(z),X'”(z)... involving many coordinates. This will be required when we work with loop variables where 
there are an infinite number of x n . 

Generalizing the quantum mechanical case we apply 


dz / dz'B(z,z') 


SX(z') l SX(z) 


b(z,z")X(z'')] 


(5.3.20) 


to ip and require that this should be equal to jjp. 


= [~ J du' G 1 (z,u')X(u') + J du L[X(u),X'(u)]\ip 

JxmW) ' 1 ’ ° hCrl(z , V) + j du L\X(u),X'(u)W+ 

[- j du' G-\z\u')X{u') + J du' L[X(u'),X'(u')]]x 

[- J du G~ 1 (z,u)X(u) + J du L[X(u),X'(u)]\ip 


The operator (5.3.20) thus becomes 


+ SX(z)SX(z') / du L l X ( u )’ X '( u )]W+ 
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[- J dv! G~\z',u')X{v!) + J dv! L[X(u'),X'(u')]]x 
[— J du G~ 1 (z,u)X(u) + J d u L[X(u),X'(u)]\ip+ 

b(z,z')ip + J dz" b(z, z")X(z")[— J du' G~ 1 (z',u')X(u') + J du' L[X(u'),X'(u')]]tp 
Now choose b(z,z') = 2 G~ 1 (z,z') and B(z,z') = — ^G(z,z'). The final equation simplifies to 

J du = J dzdz'{—^G(z,z')G~ 1 (z,z') — 


field independent 


^ m£m / du L[x{u) ' X ' M11 + im I’ du Llxiu)i nm / M L[x(u ‘ m ° ° <5 - 3 - 21) 

The field independent first term is usually dropped in discussions of the ERG but here we keep it. It has 
information about the trace anomaly which is proportional to the central charge. It is also supposed to 
contribute to the dilaton equation. In this subsection we focus on the free EOM which is obtained from the 
first term. 

We now take r ss In a. This comes from the scale dependence of the determinant (diagrammatically, the 
vacuum bubble). 

±±TrlnG=\Tr[GG-'] 

The remaining terms which are the ones usually considered in RG studies, are diagrammatically easy 
to understand also [21]: the first term in the RHS, which is linear in L, represents contractions of fields at 
the same point - self contractions within an operator. These can be understood as a pre-factor multiplying 
normal ordered vertex operators. The second term represents contractions between fields at two different 
points - between two different operators. For string theory purposes, the first term gives the free equations 
of motion and the second gives the interactions. 


5.4 ERG and Loop Variables: Open Strings 

The loop variable represents an infinite collection of all possible vertex operators of the open string. Thus 
the boundary term in (5.1.1), which is written as f dz L[X(z),X’{z)..] in (5.3.19) is just: 

J [dz] C(z) = f dz Va{t y L«(t)Ht)d*x( z+ t)dt+ik 0 x 


= j [dzdxidx 2 ---dx n ...] e 
[dz] 


E„ 


k n Y n 


= [dz] C.[Y{z,x n ), 


dY 

dx\ 


dY 
dx-2 : 


dY . 
dx n 


(5.4.22) 


From here on the variable z will stand for (z, xi, X 2 , •••, x n ,...). And z , z'. will stand for the sets of variables: 


( Za 7 ; X2A j —: 5 • ■ ■) > (^ZB t XIB i X2B 5 — i X n A ? * • ■) 

The integrals J dz in the ERG will be replaced by /••■/ dzdx\Adx 2 A--dx n A---- Variables x n without a 
subscript will stand for the integration variable u in the loop variable. Thus we will be allowed to integrate 
by parts on u, i.e. x n ’s. This is responsible for gauge invariance. The free gauge invariant equations obtained 
in Section 3 will be reproduced. The interaction equation requires a further modification described later 
below. 
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5.4.1 Free Equations 


I du ————JZ(u) = [ du { 

J SYn(z') K ’ J l 


j ' dC[Y(u),Y n (u)\ 


dY^iu) 


S(u — z') + 


dC[Y(u),Y n (u)] 

dYf{u) 


d Xl S(u - z') 


dC[Y{u),Y n {u)\ 

dY£(u) 


d X2 S(u — z') + ... + 


dC\Y{u),Y n (u)\ 

dYn(u) 


dxj(u-z')} 


We can integrate by parts to get: 


[j f d£[Y(u),Y n (u)\ , ra dC[Y{u),Y n {u)\^ f 

= J iU 1 fJYHu) Hu |a - 8Yf W 


z') 


(5.4.23) 


-[4 


ac[y(u),y„(u)] 

! dYfiu) 


](5(u - z') + ... - [d x 


dC[Y(u),Y n (u)] 
dYn (u) 




(5.4.24) 


This second form is convenient for the interacting term which is a product of first derivatives. For the free 
case, the first version is better. 




(5.4.25) 


SY^zW-W ) S du c{u) = 

5 f , b s [j f dC[Y(u),Y n (u)] , dC\Y(u),Y n (u)\ 

WZJ) J du HW) C(U) = SWR J du { Wm S{u ~ l)+ Ww '■ (t 

y (")] _ + __ + mv M] _ } 

oY£(u) dYn(u) J 

We give the action on the nth term: 

6 f dC\Y{u),Y n {u)\ n r/ f , d 2 C[Y(u),Y n (u)\ ro , 

Wm> j du '—arm — %J(U - 2 >1 = Ey <*» mmwm lxJ(u ~ 2 )l[ - ( " “ 2)1 

Let us include the z, z' integrals: 

/ dz f dz ‘ 6(z • 2 '> E E / *• - 2 >1 

Now we show that it can be written in the form given in Section 3 so that the rest of the derivation goes 
through as before. We let the derivative on the delta function act on z, z’ instead of u and integrate by parts 
to get 

J dz j dz ■ [a„,a„.G( Z , *')] e E/*• 'wmmm l5<u ~ 2 ' )1[4 » i( “ - 2)1 

- / * I * 2 '» e e -* 

= f dz \(Y (z)Y 

j dz [{Y n (Z)Y m (Z))\ 2^ 2^ d Y mtx {z)dY^{z) 


= -Y, k n-km\{-. 92E 


dY 

2 dXndXm %n-\-m 

Thus we have derived the free equations using the ERG. 


) 


(5.4.26) 
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5.4.2 Interacting Equations 

Two factors of the the functional derivative (5.4.24) given below is what the interaction term is made of. 

I dC[Y(u), Y n (u)} f(u _ zl) _ agrwUiM ] s{u _ A 


SY^(z‘ 


dYf{ u) 


f, n, , f, (dC[Y(u),Y n 
-JduC(u) = Jdu{ dyii{u) 

- [dx > dC[y dYK) {U)] ]S{u ~ Z>) + - " ~ ^ } (5A27) 


dYfiu) 

It can easily be checked that it is not gauge invariant. 

The resolution of this problem, described in [28, 29], is to introduced all derivatives in the loop variable. 

d 

1 dx n 


The basic idea is that the gauge variation of vertex operators of a given level should be of the form A„ d 


of lower order vertex operators. This ensures gauge invariance. 
We give the results for Spin 1, 2 and then the general result. 

Spin 1 

dY M d 


6 


■ J du C{u) = 


dC dC 

dY^{z) ~ X1 dYi(z) 


SY^(z) 

— (ikopC ih\jitk\)LiY[ /3)| level 1 1 e 

This is the gauge invariant Maxwell field strength. 

Spin 2 

f)' 2 Yi J r)Y^ ^ 

C = [i Kllli -^+iK 2lt — -k^YfYfle*** 

We have introduced Jvn^, K- 2ll in place of k 2/J , of the free theory. We require 

SK 2fl = \2ko/i ; dKiifi = Aifci^ 

This ensures that 5{iK 2fJ = X 2 -£~{ik 0 .Y) and S(iK llfl ^C) = \ 1 -£^(iki.Y 1 ) 

q 2 

K 2ll = (92 —; K\\fi = k 2lJi — K 2/1 


(5.4.28) 

(5.4.29) 

(5.4.30) 


where q n = satisfies the required transformation property. It is important to note that if we use 
d a Y = yjyyj the vertex operators add up to k 2 ^Y 2 ■ Also note that dimensional reduction with mass is 
required for this construction. It has go in the denominator, go is the mass, which therefore has to be non 
zero. (5.4.30) however is correct even for p = (9 when k 2M = g 2 etc. 

The quadratic term in the ERG is a product of 


■ J du C{u) = 


dC dC 

dY^{z) ~ X1 dYi(z) 


02 9C dC 

xl dYj{{z) X2 dYf(z) 


SY^(z) 

at two points za and zb ■ Let us evaluate this for the modified Lagrangian: 

ayn i 

c = [iK lltl -^-+iK 2tl — - -k^k Xv Y?Y"Y k ° Y 

d 2 Y 


f) r 3 Z Y V 3Y V 1 

— = [ikoniKuv-g^- + ik^iK 2v — - iko^k lp k lv Y^Y{]e ik ° Y 


dC 

mf 


= -k ltl ki.Y 2 e ikoY - k^h.Yyko.YY^ 


(5.4.31) 
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3C, 

d* 2 gyjr = iK 2 ^ik 0 .Y 2 e ik ° Y 


dC 


= iK llll (ik 0 .Y 2 + (ik 0 .Yi) )e 


2\ ik 0 Y 


Thus 


dC „ dC 
- d z 


Xl d(d 2 Xl Y») 
dC d 2 Y 


(ikopiKui, q 2 ~f" > 


dY v 1 \ 

- ik 0 ^-k lv k lp Y^Yfj( 


,ik 0 Y 


dx 2 


2 

,ik 0 Y 


(5.4.32) 


dX{z) dX'(z) z dX"{z) 

+ (ki^ki.Y 2 e lk ° Y + k lfJ ,ki.Yiiko.Yie %koY ^j - iK 2 ll ik 0 .Y 2 e 

+iK 11 ^ik 0 .Y 2 + (ik 0 .Y 1 ) 2 )e ik ° Y 

r\2 

We now replace ° Q k 1 by and simplify: 

The coefhcient of Y£ is: 

Y 2 [iv = ^ k^^Kwu kflf Jj X 2L/ T kif^kii^ T X 2 p j kfl l s Aiip^Oi'^ e 0 — ^ kg^X im T ki^kh, Xw^k^j^j e 

(5.4.33) 

The coefficient of Y^Yf is 


V, 


n [ivp — ^ ^0/i 2 kfo/kip T i 2 k\^{kivkop T &ipfcoi/) iXiipkoi/kop^c ' 1 


Using ((3.2.23)(5.4.29)) we see that they are invariant. 

The components in the 9 directions can be obtained from the above. For instance V 2 pg is 


V 2ll e = ( — kopKno — k 0 ^I\ 2 g + ki^qig + K 2/1 q 0 g — Kn^qog^e 


ik 0 Y 


(5.4.34) 


(5.4.35) 


5.4.3 General Construction of K's 

Let us first introduce the following notation to generalize the construction of the spin 2 and spin 3 cases. 
Define 

Xrnfi • fiKmfi — A m A:op? X mn p . SK rnn p i — A rnX-n[i T A 7TI 7 ^ Tl 


K„ 


: 5K„ 


*-mnpfi • v j-y-rrmpfi 

and so on. For repeated indices 


— Am^ripu T A riK-mpn, T A pKrnn.iL) TTl ^ Tl ^ p 


Also 


Xmmfi ' ^^mmfi — A m A m ^, Kmirimfi ■ — A m A mm ^ 


Kmmpii • ^X rnrn p^ l A m A mp/i T A pX rnrn p 


(5.4.36) 


and so on. 

The general rule is that if [n]j defines a particular partition of the level N, at which we are working, then 


raE [n]i 


(5.4.37) 


where [n\i/m denotes the partition with to removed, and the sum is over distinct m’s. (So even if to occurs 
more than once in the partition, the coefficient of A m A[ n i i / m/1 is still 1.) 

Define 

q{t) = —g(t) = 1 + y+ |! + - + fr + - (5.4.38) 
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= = i + y±.< V2 + % ys+ yiV2 + ^ 


t 2 


t 3 


If we solve for y n in terms of q m we get 


y 2 

9i = Vi] 92 =2/2 +y 


9? 

2/2 = 92 — —; 


Similarly 


2/3 = 93 - 9291 + 


9i 


In general £“ = o f w = ln (•q(t )). 
Similarly define 


A (t) = 1 + + 




= e Eo 


The gauge transformation q{t) —> A(t)q(t) is represented as y n —> y n + z n . Since we are only interested in 
the lowest order in A we can set z n = A n . Thus we have 


^2 In — A n 


(5.4.39) 


Let us now construct the K mnp ^: Let us start by defining = ko Then K\ p = k\ p , because 
SKo p = AiLfo/j- 

Level 2: 

Let 

= y 2 k 0 ^ (5.4.40) 

-2 

Using (5.4.39), it clearly satisfies the requirement (5.4.36), that d/\ 2 M = A 2 K 0/1 . Using 2/2 = 92 — 


K 2^ — (92 - y)fco m 

Then we let 

Ku, = k 2p - I< 2fl . (5.4.41) 

It is easy to check that SKn p = A±Ki 

We can now generalize this construction: 

K n , n> 2: 

Consider K n/Jj . Since we want 8K nll = A n Ko p , a correct choice is 

-h-n/i = ynko^ (5.4.42) 

n + 2 : 

We need SK n i M = Ai I\ nll + A n Ki An obvious trial is to set 

-k-nlfj, = = Vnklf_t (5.4.43) 

Using (5.4.55,5.4.39) we see that it is correct. 

-K-mnin tyi 7 ^ Tl'i Til A 2 : 

It is easy to check that 

Kmn/i — ynymkofj, (5.4.44) 

satisfies 8K nmp = A n ymko p + A m ynko p = A„A' m/i + A m K np as required. 

Til A 2 : 
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For repeated indices we see that what works is: 


Kmm» = Kmmm = ff ^5 (5.4.45) 

The pattern is easily generalized. 

Kmnlfii ?TL 77-5 77- ^ 2 I 

Kmnlii — ynymKlfi (5.4.46) 

Satisfies 

3K-mnln = ^nymKlfi T A m y n i^i^, + Ai7/ n 7/ m /u()/i, + Ai 

Amro/^ 

as required. 

Again for repeated indices: 

Kmmlv = VfKiv (5-4.47) 

K-nllfj.) ^ A 2 : 

We try 

ATnii/i = Un-^iifi (5.4.48) 

^nii/i = A„Adi M + Aiy„A'i jLt = AnAdi^ + AiAT^ as required. 

The pattern is now clear: when all the m,n,.. > 2 we just get 
^ 7 ^ n: yi A 2 : 

Kmn..[i = Umyn-'-k (5.4.49) 

Kmn...liJ,i ^ A 2 : 

When one of the indices is 1, we get 


I^mn. .l[x ymyn-'-k\^i 

Kmn.'.nij,, n > 2 : Similarly if two of the indices are 1 we get 

A-mn.,11/^ — 2/m2/ro---A-ll J Lt 

A'. m .n M , n > 2 : 


(5.4.50) 

(5.4.51) 

(5.4.52) 


For other repeated indices again the pattern is obvious. Thus 




(5.4.53) 


a: 


i .li/i, : 


To complete the construction we need A'ih..i ( u- For the second level we had ATn^ = A.' 2 /j, — A^. Similarly 
one can check that 

Adiip = — A'2i M — A 3m 

= A3fco p + \ 2 ki^ + \ik- 2 fj, — A 2 Ai m — AiA^ — Mk^^ = Ai(/c 2 M — A^) = AiATn^ as required. 

It is natural to try 

= (5-4-54) 

' v ' [n]ie[n]' 


where [n] 7 indicates all the partitions of n except 1...1. 
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We prove this by recursion: 


(5.4.55) 


^■[n\fi — ^ ] K[n]i/j, — I'n./i 

H«eH 

Proof: 

Let us assume that the above is true for n. Consider Ki n+ We have 

me[n+l]: 


The sum, as always, is over distinct m’s. This is true because such K’s have all been explicitly constructed 
for all n. 

For e.g. let us explicitly write out the coefficient of A 2 in the above equation - it is A 2 A'[„ +1 ]'/ 2 . Thus we 
can write 

&K[n+ l]J/i = ^l^ra+lj'/l/i, + A 2K[n+l\' i /2n + -^3-^[n+l]'/3/i + ••• 

Note that [n + l]'/2 is a partition of n + 1 with one 2 removed. If we sum over all i this gives all the partitions 
of n + 1 with one 2 removed, i.e. all partitions of n — 1 i.e. [n — 1]. Similarly [n + l]'/3 summed over all i 
gives all partitions of n — 2, i.e. [n — 2], However [n + 1](/1 gives all partitions of n except for the one with 
all one’s, i.e. it gives [n]'. Now sum over i and note that the LHS is JT K[ n+ iy and has all the K’s at this 
level except for Ky 

Thus 

y \ /i = AlA T MK[n-l]^ T A3A[ n _2]^ T -.A m A [n+l—m]fi' 

i 

Using (5.4.55) we see that this becomes 

J2 SK i n+ l]'p. — ^1 &[n]'ii + ^2k(n-l)fi + ^3^(n-2)/j + mk(n+l — m)/i "f"- 


— (Al(A[ n ] M -^1.,.1/i) 4*~ ^^kn—lfj, T ^3^71—2 /i 4“ •— 


— (Ai kn/j, — 5Ky + A 2 fc( n _i) /i + A 3 fc( n _ 2 ) A , + •■A m fc( n+ i_. m ) (U + .. 


So 


Thus 


i 


-^■[n-{-l]/i — knfj, 


Since it is true for n = 2, 3 this completes the proof. 

This completes the construction of A’s for all levels. There is one more step to be taken before we can 
use these to write down an interaction term in string theory. This is to perform a truncation of the spectrum 
using the Q-rules which have been worked out up to level 5. This can be implemented on all the terms in 
the EOM. This is a fairly mechanical step and we do not do it in this review. 

Level 3 

We can now construct the level 3 gauge invariant field strength using these formulae: 


Ksn = ?/3^0/i = 


q 3 

(<73 - <72<7l + y )fco 




-K21/U — D 2 kifi 
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d 3 Y » 


-ft nip — &3p — A'2ip — K^ti 
The level three part of the exponent of C is 


dY» 


d‘ 2 Y IJ 


A3p~x- \~ K21 n:,-, —„— 

C/X 3 OX 2 OXI 


+ Auiip- 


dx\ 


and the full Lagrangian at Level 3 is (Y£ = 

d 2 FP 


C = [iK^Yj 1 + %K 21)l 


dx 2 dx\ 


Q3 yp 

+ '/M:ip-yp- - K2 ij K Uj Y^Y 1 v 


11# ‘“ u ' dx\ 

We evaluate the functional derivative 




du C(u) 


to obtain: 


where 


L 


'3p(z) ~ 


5Y»{z') 

V Zlw YiY(z) + V 21 vpaYfWYfiz) + VmpA P ,Y 1 x (z)Y 1 p (z)Y 1 -(z) 


ik 0 .Y(z) 


(5.4.56) 


h3pp — — ^0p[^3p + K 2 i p + A'nip] + fcip[A'np + K 2p \ + K 2 pk\ p — Abip/cip — A^ipfcop + A'nip/cop + ^3p^0p 


V, 


21 fipo 


k 0 pK llp k lp -b k\ p Kii p ko a -b k\ Pj K.2pkocr ~\~ ki p ki p ki a 


V, 


pXpa 


^KiipkipkQfj Kiipk 0p ki a A2ipfcop/co<r T dATirip^-op^ocr 

7^ kop,ki\kipki a ~^k\pk\^\k\pk3fj^ T ~^iipki^\kopkQ ( j'j Auiip/toA^Op^Ocr 


(5.4.57) 


A 3 p(z) is a gauge invariant field strength for the massive level 3 fields. Note once again that the non-zero 
mass (go) is crucial for being able to construct such an object. 


5.4.4 Interacting Equations of Motion 

The interacting part of ERG can be written as a sum of terms of the form given below. It is of the form: 
Field strength x Field strength. The fact that the equations of motion are just quadratic is not surprising 
given that the basic vertex involves splitting and joining of strings. 

However an interesting point is that the field strengths are gauge invariant under the same transformations 
as that of the free theory. This is unlike non Abelian gauge theories, where the transformation law is modified 
when the coupling constant is non zero. In this sense the equations are Abelian. Note also that if Chan 
Paton factors are included to make the low energy sector Yang Mills instead of electromagnetism, then the 
gauge transformation laws would be modified even in the loop variable formalism. 

For example an interaction involving two V 3 ’s given above is: 

J dz J dz'G(z, 0 O? 7 M ^ 3 pp^( 2 )e ifeoA > ' (z V 3 , CT Y 3 ' T (/)e ifcoB r(z ' ) 

In all these equations we have not made any restriction on the range of /i. The construction superficially 
works for /.t = 9 also. However we need some restriction on the Green function G 00 (z,z') if we are to 
reproduce string theory S-matrix. We certainly do not want the structure of the Veneziano amplitude to be 
modified. Thus the simplest solution is to set G 00 (z , z’) = 0 when z ^ z’ and leave it unchanged for z = z’ 
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because the free equations require that. As a constructive algorith this is fine. Whether we can deduce this 
from first principles is an open problem. 

In this BRST string field theory superficially looks non Abelian even when the gauge group for the 
massless gauge field is U( 1). The gauge transformation law of the massless photon has extra pieces due to 
interactions. However it is possible that there may be field redefinitions that get rid of these. There is some 
hint about this possibility in [43]. 

6 Curved Space Time 

6.1 Map to curved space time: problem of gauge invariance 

Thus far we have been working in flat space time. The loop variable expressions are mapped in a straight¬ 
forward way to space time fields and their derivatives. Expressions that are gauge invariant when written 
in terms of loop variables, continue to be gauge invariant after the map to space time fields. If our aim is 
a manifestly background independent formalism then we must learn how to apply all this in curved space 
time. This issue will become more acute when we deal with closed string theory in the next section. So it is 
appropriate to sort this issue out first. Using Riemann Normal Coordinates (RNC) is the first step towards 
solving this problem. 

The loop variable method gives us equations in momentum space. Thus writing 

f{x) = J dk e lkx f(k) = J dk (1 + ik.x + + ...)f{k) = /(0) + xdf{ 0) + ^d 2 f(0) + ... (6.1.1) 

we see that powers of k correspond to terms in the Taylor expansion. Thus we need to do a Taylor expansion 
in curved space time. This is best done using Riemann Normal Coordinates [44, 45, 46]. Appendix A (A) 
contains a summary of all the aspects of the Riemann Normal Coordinate system that are needed for this 
paper. Note that dimensional reduction has to be done before we talk about curved space time. So /x ranges 
from 0 to D-l. 

Consider a loop variable expression ko p k\ p k\ a . In curved space time we work in the Riemann Normal 
Coordinate (RNC) system and interpret iko^ ~ where Y M are RNC’s. Then the map to space time 
fields involves integrating over T[fco, k\, ..Ai,..] and is: 

(k lp k la ) = S llpa (ko) ; J dk 0 e iko - 9 ^S llp<T (k 0 ) = S llpa (Y(z)) 


Thus 

J dko [1 + ik 0p Y^(z) + ...]Sn prT (k 0 ) = Sii po -(0) + d p ,Sii pr7 (0)Y' J -(z) + ... (6.1.2) 

Thus we can conclude that the loop variable expression ko p ki p ki a gets mapped to d p S n pC r(0) which is the 
first term in the Taylor expansion of the vector. Similarly ko p kQ V ki p ki a gets mapped to dfj,d v Sn pa (0), the 
second term in the Taylor expansion etc. We also know from (A.3.17) of the Appendix A (A), how to write 
these Taylor expansion coefficients in a manifestly covariant form. 

Thus for instance 

([kopkipkifj ) == V P iSii P cr(0) 

and 

(k 0p k 0v k lp k la ) = {V„V p S pCT (0) - ^(^(0)^(0) + i^ #IOT/ (0)S /Jp (0))} 

Note that the LHS is manifestly symmetric in /x, v. Since covariant derivatives do not commute, the first term 
is not symmetric. The role of the second term is to compensate for this and make the RHS also symmetric 
in /x, v. Thus this method gives us a map from Loop Variable expressions to covariant expressions in curved 
space time. However as we will see below, this map does not commute with gauge transformation. Let C be 
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the set of loop variable expressions that gets mapped to the set S , of expressions involving space time fields. 
Let us call this map A4. Thus 


M : ko^kipkia £ £ t {kofjkipkia) — VpS llpa £ S (6.1.3) 

Now one can perform a gauge transformation g on the loop variable expression and then map it to space 
time fields by M. This can be compared with the gauge transformation of the expression involving space 
time fields. The question is whether the result is the same whether we go from C to S 9 along either path. 


M: £ —>S 

g l g i 

M: C 9 —> S 9 (6.1.4) 

We know the gauge transformation law of S n pff : 

g '■ Sllpcr —> Sllpcr + V(pA llcr ) 


Therefore 

Simlarly 


g • ^p^llpa ^ ^ p^llpa + 


(6.1.5) 


g • kopkipk^fj ^ kopkipkitj T k^p^X^k^pk^fj T Xiki a kQp) 
We now have to compare (6.1.5) 


A4 : fcop(Ai/co p fci cr + Ai/ci CT fcop) —t {VpV( p A llcr )(0) — —i?^'p O .^(0)An i g(0)} (6.1.6) 


We now have to compare (6.1.5) with (6.1.6) obtained by the other path. We see that they differ by 
terms proportional to the curvature tensor. Thus while in flat space they agree, in curved space they don’t. 
The non commutativity of this process has the consequence that loop variable expressions that are gauge 
invariant do not get mapped to gauge invariant expressions when mapped to space time fields. In a nutshell 
this is because kopkov = ko„kop but VpV„ ^ V„V^. 


6.2 Prescription 

6.2.1 Motivating the prescription 

We now give a well defined constructive algorithm for mapping to space time in such a way that gauge 
invariance is maintained. This was described in [35]. The prescription involves q n in a crucial way and so 
dimensional reduction with mass is important. In this section g will range from 0 to D-l. 

We have seen the problem arises when gauge transformation produces an extra derivative in the form 

k n —> k n + X n ko + . The problem is solved by rewriting the loop variable expression in such a way that no 

extra derivative terms appear in any gauge transformation. All derivatives lurking in gauge transformations 
are made manifest right away. This can be implemented as follows: Define 

knp — k n p -\~ y n kop (6.2.7) 

where y n —»• y n + X n under a gauge transformation. y n have been defined earlier [29]: 

^t~ n = q 0 e^m =1 »"**“"* ( 6 . 2 . 8 ) 

n —0 

Gauge transformation of k np is given by 

k n p —> k„.p + X\k n -ip + \ 2 kn- 2 p, +. X n -\k\p + X n kop (6.2.9) 
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( 6 . 2 . 10 ) 


Thus k ni j, satisfies a gauge transformation rule 

knfi k n ^ + Xikn-I^ + \2k n -2[i +.A^-ifcl^ 

Once the loop variable expressions are written in terms of tilde variables, gauge transformations do not 
produce any new derivatives. Thus all the required curvature couplings are present right in the beginning. 
Now we can map these to new space time fields (also with tildes). This ensures that the map to space 
time fields commutes with gauge transformations. Expressions that were gauge invariant at the level of 
loop variables, continues to be gauge invariant in terms of the tilde space time fields. The tilde fields are 
expressible in terms of the original fields - these are just field redefinitions. Once we have a covariant gauge 
invariant expression in terms of tilde space time fields, we can undo the field redefinitions. Field redefinitions 
done on the space time fields do not change any of the gauge transformation properties. 


6.2.2 Illustration of Procedure 

Consider the level 2 field 

{kifikiv) = Siifu, 


We define tilde variables by 


kifj, — k\[i T 2/ifco/i 


Then 


k\[ik\i, — k\^k\i, -T kg^yikh/ -T ko^yiki^ -T y^k^^k^i, 


Define tilde space time fields by 


(k\[ik\J) — Su^lu 

(yikiv) = Suv 

(Vi) = S U 

The relations between the old space time fields and the tilde fields are given by: 

Siifw = + V„V„Su 

~ _ S 11 M 1 V7 c o - Sl1 
*ll/j — -2 *11 — —T 

Qo % % 

where 

{yikifj) = Sii/i; ( Qi } = 5n 


( 6 . 2 . 11 ) 

( 6 . 2 . 12 ) 

(6.2.13) 


(6.2.14) 

(6.2.15) 

(6.2.16) 
(6.2.17) 


and also q\ = yiqo- 

Let us turn to the gauge transformation laws for these fields: Using —> + Aifco M , yi —> y\ + Ai, 

we obtain 


SSu^v — 

0 


o, 

Co* 

II 

II 


SSu = 

2(j/i Ai) — 2An 

(6.2.18) 

We see that there are no derivatives in the transformation laws. 


If we define 



(Xiki/j,) = An^ = (Aifci^ 

+ Xiyikon) — A. 11 ^ + V^An 

(6.2.19) 

we see that combining (6.2.15), (6.2.16) and (6.2.18) gives: 


SSn^v — 

V( m A 11i; ) 


SS n „ = 

V^An + qoAu/j, 


SS n = 

2Ango 

(6.2.20) 
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This is of course the correct gauge transformation for the original space time fields. This illustrates the 
(obvious) fact that the above field redefinitions do not introduce any inconsistencies in gauge transformations. 
This has to do with the fact that gauge transformations of the tilde fields do not involve derivatives. 

Let us now apply this prescription to the loop variable expression considered earlier: 

ko^fapkiv (6.2.21) 

In terms of tilde variables it is 

kQp(k\pk\ a T ^opZ/i^itr T ko&yikip T k^pko^y^') (6.2.22) 

Mapping to space-time fields in the usual way (described in the last subsection) we get 

vAip*+V^pSu',+VpVj 11 p+l(R^+R% p )Snp+V^ P V„S 11 +l(R f, pp a +R 0 <7 JVyS 11 (6.2.23) 

Since the gauge transformation of the loop variable expression (6.2.22) does not produce any extra kop 
its space-time map is guaranteed to coincide with the gauge transformation of (6.2.23). Thus we have an 
internally self consistent prescription for mapping to space-time fields. 

The last step of the prescription is to rewrite (6.2.23) in terms of our old space time fields. This does not 
modify the gauge transformation properties of this expression. We use the field redefinitions (6.2.15),(6.2.16). 
The two and three derivative term cancel. This is clear because these terms do not involve the curvature 
tensor and one might as well have been in flat space. In flat space the original expression had only one space 
time derivative. Performing some field redefinitions and then undoing them gets you back to the starting 
point. 

V, t Super + \{R%^ + - JvA] 

3 ^ ^ go 2 g 0 

Now we can compare the gauge transforms of (6.2.21) and (6.2.24) to verify that they agree 
variation of (6.2.21) is 

kopikopXikifj T ko(j\\k\p} 

Mapping (6.2.25) to space-time fields gives 

V m (V p Aii 0 + VcrAup) + -(RPpp a + R^app) An/? (6.2.26) 

The gauge variation of (6.2.24) is (using (6.2.20)) seen to be the same as above. 

6.2.3 Summary of prescription 

We summarize the prescription below: 

1. Step 1: Define tilde variables by k n p = k n p + y n kop ■ Their gauge transformation law has no kop. 
Rewrite all loop variable expressions in terms of tilde variables. 

2. Step 2: Define new space time fields by mapping the tilde variables to new (tilde) space time fields 
using the map A4. Obtain the relation between the old space time fields and the new ones. 

3. Step 3: Map all loop variable expressions (now written in terms of tilde variables) to expressions 
involving the new space time tilde fields by the same map A4. At this point a gauge invariant expression 
involving loop variables is mapped to a gauge invariant expression involving tilde space time fields. 
This expression may involve higher derivatives than the expression we started with. 

4. Step 4: Rewrite the tilde space time fields in terms of the old space time fields. All the higher derivative 
terms will cancel. We get an expression involving space time fields which has the naive covariantization, 
plus some extra curvature couplings to Stuckelberg fields and derivatives thereof. 


(6.2.24) 
. The gauge 

(6.2.25) 
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6.3 Example: Open String Level 2 

The free equation of motion is [23, 28, 29]: 


-k 1 .k 1 ik 0 Y 2 - -ki.ki(iko.Yi) 2 - h.ko{h.Yi){ko.Yi) 

+ -fcg(A;i.Fi) 2 - k^ik 2 Y 2 + iki.k 0 ih.Y 2 ) + k 2 .koiko.Y 2 = 0 (6.3.27) 

The coefficient of Y[ l Y^ is 

klh^hv - ko.hk 1(li k v)0 + h-hkopkov = 0 (6.3.28) 

This is gauge invariant under hp —> hp + Xihp. Dimensional reduction gives a massive field with EOM: 

(fco + qo)hph v - (fco-fci + qoqi)ki^h) 0 + {h-h + qiqi)kopkov = 0 (6.3.29) 

This has to be mapped to space time fields. 

Let us apply this procedure to a general loop variable expression 

kop kou k\pkiu (6.3.30) 

All the terms in (6.3.29) involving the tensor field can be obtained from this by contractions. 

Step 1 

We let = hp + yikofi- Then (6.3.30) becomes 

kofikoi/kipkia — kopkovihpkia T k\py\kocr T kopyiki& T y\kopkoa) (6.3.31) 

Step 2 has already been done - the required tilde space time fields were defined there in (6.2.14). 

Step3 

Let us consider each term in turn and map to space time fields, using the definitions (6.2.14) and the 
map M. We get 


(kop,kovklpkla) — ^['X/(p^u)Sllp (7 + g ^(p,v) p^Hficr + g ^(pv)aS^pP\ 

{kopko v kookipyi) = g [V( At V I /V 0 .)Sii p — 

{k 0 pko„kopk 0<7 yl) = V^VpV^Sn (6.3.32) 

The gauge transformations of the tilde variables are given in (6.2.18) and do not involve derivatives. 
Thus in (6.3.32) the gauge transformations of the LHS and RHS are guaranteed to agree. Now we proceed 
to Step 4: 

Step 4 

Now we can redefine fields in terms of the original fields using (6.2.15) and (6.2.16): 


ikopkovkoak\py\) 
(k 0 p kou kopkoaVi ) 


(kopkovhph*) = r (v ( pV^ [iSnpo- - V ^ 5 2 11ct > + Vp^ 11 ] + 

^ ' Qn Qr\ 


1 


9o 


q o 

_ d/ 3 r q a ^(P s n^) I p Vr fl5 . 

3 ^ (pv)p\- bll P° q 2 + q 2 l + 3 ^ (pv)al bll PP 


(p J 11/3) VpVffSll 


q'o 


qo 


1) 


0 


6 V ' q 0 

1 Su 

V ( pV^VpV CT) -2- 


V^i 

9o 




{p\a\u P) 1 


311/3 

qo 


v«s- 


/ 3 J 11 


9o 


2 -]-2 V (/,kk)[ 


S 


up 


qo 


V/sSii 

ql 


0 


4! 


96 


(6.3.33) 
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We now substitute (6.3.33) in the original loop variable expression written in terms of tilde variables 
(6.3.31). All the higher derivative terms cancel and the final curvature independent term is the expected 
covariantization of the flat space term: V p V„5ii pcr . There are also the terms associated with the naive 
covariantization. So the final expression starts off as 

V p V„S llpCT + + R? pllv )Sp a + ^(-R^o- + R P a ^) S pP +{curvature x stuckelberg fields) (6.3.34) 

' s ' ’ v' ^ 

Naive covariantization 


me ouuoK.eiueig neius on M ,an are requueu rur gauge invariance. The gauge transformations are given 
(6.2.20). They can be set to zero by a gauge transformation. 

Tnn rnll ononror io 


The Stuckelberg fields Sn M ,Sn are required for 
in (6.2.20). They can be spt tn 7Prn bv a crnncrp tra.Ti 
The full answer is 

{kopko^kipkia) = ([Nv)Spa — ^R^(p\p\v)^P^ ~ ~^^(p,\a\v)Spp\ + 

If n/9 NiP^tr) VgVjR , p/3 N(pSp) 

6 ^MpkA qo q l i + qo q 2 >1 

irn/3 v 0 Sp VffS 

6 ^ (/ikk v p)l qQ q 2 ) 2 V{pU ^\ v r qo ql 

1 


= F. 


0 90 gg ^ ' qo Q5 

"[3 R p ap N» s P + 3 RippV v Sp + RippVpS a + RPp P ^pS a + 3R^V0S a + 3 R? c 
+2 (VvR^Sp + 2 (VpRP apv )Sp} + \[R^ p Sp + R^pS a ] 


Vp^/3] 


The EOM (6.3.29) can now be written in terms of F as 

Q a P )F a 0 llv — F a ^p\p\u) + Fp Va p\ + q^Sp V — goV ( P <Sjy) + V p V 1/ S' = 0 (6.3.36) 

where G p „ is the space-time metric. This equation is both manifestly covariant and also gauge invariant by 
construction. Note that the Stuckelberg fields Sp, S can be set to zero by a gauge transformation (6.2.20). 


6.4 Interacting Equation 

The interaction equation can be written in curved space using the same techniques. The main new compli¬ 
cation is that the equation involves fields (or more precisely, gauge invariant field strengths) at two different 
space time points. Thus when we expand the exponential as in (6.1.1) and (6.1.2), it is about the origin of 
the RNC. For the interacting case we have two such expansions, both about the same origin. The origin has 
been taken as z = 0, with Y(0) = 0. It is also possible to take one of the points to be z = 0. In that case 
only one of the exponentials have to be expanded. 

A typical interaction terms is of the form 

J dz 1 dz 2 G(z 1 ,z 2 , a)Kip Up [knle^'^^Y^YiYf (zi)K 2 a 0 -y [/4Je ifc °'^ 2) F“F^Y 1 T (z 2 ) (6.4.37) 

As mentioned above, the exponentials have to be understood as a power series that stands for the 
Taylor expansion described in (A. 3. 17). In mapping these expressions to space-time fields the same four 
step procedure can be followed. The point of departure being that each interaction product will involve an 
infinite series of terms involving higher derivatives 

The vertex operators can be taken to be normal ordered because the free equation takes into account all 
the contributions due to self contractions. 

Thus for the OPE of normal ordered exponentials in flat space we have: 

. e *fc 0 .V(,zi) .. e ip 0 .Y(z 2 ) . _ e -ko^,p 0 v{Y IJ -{z 1 )Y u {z 2 )) . e ik 0 .Y(z 1 )+ip 0 .Y(z 2 ) . 

_ e -k 0 pPov(Y>‘(z 1 )(Y , '(z 1 )+(z 2 -z 1 )d z Y t '(z 1 )+ f - zl -* 2)2 d*Y“(zi)+...) 

■ e iko-Y(zi)+ip 0 -( Y ’'(zi)+( z 2-Zi)d z Y"(z 1 )+ (zi ~ i * 2) d^Y u (z 1 )+...) . (5 4 33 ) 
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Note that the contraction involves the green function ( 22 )}, which has been Taylor expanded. 

This can be done in curved space time also, provided we work in RNC. Each term in the expansion of the 
Green function is a function of z\ — z 2 and the cutoff a. The tensor structure in flat space is r which 
becomes g^(0) in the RNC and g^{x 0 ) in a general coordinate system. The equations obtained are local 
ones, for fields at xq , which is any arbitrary point on the manifold - so these equations are completely general. 

The expansion of Y(z) in the exponent generates higher dimensional vertex operators in flat space. 
Mapping this RNC expansion to curved space covariantly gives (A.4.25). We see in general that the Rienrann 
tensor appears at higher orders. 

One can easily generalize (6.4.38) to do an OPE for arbitrary vertex operators and perform the same 
Taylor expansion using (A.3.17) and (A.4.25) as done for example in (A.5.31) of the Appendix A (A). 

We give a few examples below: (We let X 0 stand for the coordinates, in a general coordinate system X, 
of the point that is the origin for the RNC system. The coordinates in the RNC will be called Y. The origin 
is Y = 0. We also take for the z dependnece F(0) = 0. ) 

Let us take as an example: 

{K a p-y\po,Pn]) = Fa/ 3 j(Y = 0) -> F a ^{X 0 ) (6.4.39) 

Then 

(pov K a0'y\po,P n }) = vnF a fa(Y = 0)VuFap^Xo) (6.4.40) 

(ponPovK a fo\po,p n ]) = V M Vj,F a/ 3 7 (F = 0) + i(( R x a ^ + R x vlxa )Fx, s 7 (0) + 

+ R\^./3)F a \-y{0) + + R X v^)F at 3 a ( 0 )) 

—^ V M VyF Q| g 7 (F 0 ) + -(( R X afJ/l , + R\i_i,a)F\p-i{XQ) + 

(R X 0p.v + R X vnp)FaXy(Xo) + (R 7/JJ/ + R X vfJ ^)F a ^3\(Xo)^ (6.4.41) 

All these expressions are tensors at the origin Xg of the RNC. Also for the contractions one needs Taylor 
expansions of the Green function, for example 

{?> i (z 1 )Y v (z 1 ))=rrG{zi,z 1 -,a) ; {Y> l {z 1 )d z Y v {z 1 )) = rf v d Xa G(z u z 2 - a)| 22=2l (6.4.42) 

In a general coordinate system we simply replace by g tJ,u (X q) in the above equation. 

Putting all this together one obtains on expanding the exponentials in (6.4.38) 


dz\dz 2 [G(zi, z\\ a) + (z\ 


z 2 )G'(zi,z 1 ;a) + ...][1 - k 0fl po„g ,1 ' v (Yo)G(zi,zi-,a) + ...} 


Kxa P [fco, k n ) d Zl Y x ( Zl )d zi ( Zl )d zi YP{ Zl )K aM [po , p n ]d Zl Y a ( Zl )d zi Y? ( Zl )d zi Y^z i) 

e i(feo+ P o).v 0(1 + (Z2 _ Zl ) Po . dzi y( Zl ) + ...)) 


dzidz 2 [G{zi,z\\a) + ( z 2 - zi)G'(zi, zi; a) + ...] 


[Fxa P {X 0 )F aM {X 0 ) - g^(X 0 )V ll F Xap (X 0 )V,F a ^(X 0 )G(z 1 , zp, a) + ...] 


d Zl Y\z 1 )d Zl Y'’(z 1 )d Zl YP(z 1 )d Zl Y a (z 1 )d Zl YP(z 1 )d Zl Y^z 1 ) + ... (6.4.43) 

where we have kept a sample term at level 6. This generates terms at lower levels from contractions as 
in: 

d Zl Y x ( Zl )d Zl Y° ( Zl )d zi Y» ( Zl )d zi Y a ( Zl )d zi Y‘ 3 ( Zl )d Zl Y^ ( Zl ) = 

: d Zl Y x (z 1 )d Zl Y"(z 1 )d Zl YP(z 1 )d Zl Y a (z 1 )d Zl YP(z 1 )d Zl Y'V(z 1 ) : + 
d Zl d Z2 (Y x ( Zl )Y a (z 2 ))| 21=22 : d Zl Y a (z 1 )d Zl Y p (zi)d Zl Y l3 (zi)d Zl Y lf (zi) : +... 
and in addition there are also terms at higher levels coming from expanding the exponential. 
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7 Closed String Theory 

In [42] gauge invariant free equations for closed string was written down. The open string loop variable is 
extended to closed strings by adding the anti-holomorphic counterparts. Thus the starting point is 

dt k(t)a(t)d z X(z+t)+dt k(t)a(t)dzX(z-\-t) 

Expanding, we get 

J dz = J dz (e ik ° Y (l + ik n .Y n + ik n .Y n - + ...) 

The holomorphic anti-holomorphic separation originates in the world sheet equation of motion for X(z, z ) 

d z d- z x = 0 


(7.0.1) 

(7.0.2) 


This means that physical states are represented by vertex operators that are products of terms of the form 
d™X and d™X but do not involve mixed derivatives d z d z X. The constraint Lq = Lq sets the dimensions 
of the holomorphic and anti holomorphic parts equal. In [42] Weyl invariance was used to obtain gauge 
invariant equations. The method is a simple extension of what is described in Section 3 of this review. One 
noteworthy feature of the method is that terms involving mixed derivatives d z d z Y have to be retained. When 
the Liouville field is varied, on integration by parts, they contribute terms to the equation of motion. One 
way to understand the necessity of adding mixed derivative terms is the following [33] . While the unregulated 
Green function G(z,z; 0) = In (zz) obeys d z d z G(z, z; 0) = 0, the regulated Green function, which can be 
taken to be 

G(z, z; 0) = In (zz + a 2 e 2rJ ) 

does not. Thus as long as there is a cutoff in place, holomorphic factorization does not take place. Therefore 
one should introduce vertex operators involving mixed derivatives. In the limit that a —> 0, which can be 
taken for on-shell S-matrix element calculation, vertex operators that correspond to mixed derivatives will 
have zero correlators with other vertex operators. These states therefore will not contribute to the S-matrix. 
But for off shell calculations one should retain these states. 

There is also another argument for the introduction of mixed derivatives. Recall the argument for gauge 
invariance of the interacting term. It was observed that the gauge variation of the Lagrangian at level N 
has to be derivatives of lower level terms in the Lagrangian. For closed strings we have \ n as well as A^. 
Thus if Ln denotes the Lagrangian at level N its gauge variation has to be of the form: 


5L n = 


E 

n.n= 1,2,. 


dL N - n 

dx n 


+ A, 


dL N _f. 

dx n 


(7.0.3) 


where for closed strings, the level involves two numbers: N = n + fh. Since Lx-n certainly has purely 
holomorphic derivative terms (and L^-n certainly has purely anti holomorphic derivative terms), it is clear 
that Ln must have mixed derivative terms. 

Motivated by these considerations we generalize our loop variable [33] to 

Exp (i(ko.X(z) + j) dt k(t)a(t)d z X(z + t) + <j> dt k(t)a(t)d z X(z + t)+ 


+ j) dt j) dt K(t, t)a(t)a(t)d z d z X(z + t, z + t)j^ (7.0.4) 

Expansion for k(t), a(t) are as given earlier and k(t) 1 a(t) are anti-holomorphic versions of the same. The 
first three terms in the exponent are the terms given in (7.0.2). The fourth term involves K(t,t) defined 
below: 

oo oo oo 

K(t, t) = K 0;0 + Kn-ot~ n + J2 K n ;rnt- n r™ (7.0.5) 

m—1 n=l n=l, m=l 
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Expanding X{z + t, z + t) gives 


2 ! 


d z d z X(z + t,z + t) = d z d z X + td 2 d z X + td z d 2 X + ttd 2 d 2 X + t 2 z z 

Plugging all this in (7.0.4) gives: 

a 2 d\X 


&d s X + f2 d z dlX + 


2 ! 


k 0 (X + c M d z X + a 2 dlX + + ... + a&X + a 2 d\X + ... + a ™ a ™ d " d f X 


(n — 1 )\{rn — 1)! 


-) 


+ K h o (d z X + ai d 2 z X + + .. + otid z d z X + a 2 d z d 2 s X+ 


=k i 


, _ a2a v , a 2 a!d 3 z d~X | | _ n2a 2 v , , a n a m d^ +1 d^X 

... + OL\OL\0 z Oz,X H- — -h ... + OL\OL20 Z U^X + ... + 


2 ! 


... + K , 




d^d^X 


a-id^dfX 


+ ... + 


n\(m — 1)! 
a p a q d™+Pd™ +q X 


(7.0.6) 


. (n — l)!(m — 1)! (n)!(m— 1)! (n + p — l)!(m + g — 1)! 

If we define the coefficient of fco to be Y, (7.0.4) can be compactly written as 

/./ d Y dY d 2 Y d 2 Y \\ 

Exp(i(ko.Y + Ki-q.— -1- Kq-i .——|- Ki-f .————(- + A n; m.———-I- ...) ) (7.0.7) 

V V OX i OX i <JX\OX\ OXnOXm / / 

This is the generalization to closed strings of e I ^-'" fc,lYn . This is correct for the free theory. For the 
interacting theory we need a finer resolution of the K's. For instance although dx x \ - = dx d g r _ 

we need separate terms for each. Thus K nr - n has to be generalized to -K”[n],[m] where [n], [to] denote all the 
partitions of n,fh respectively. In the next section we give the construction of -K”[n],[m]- 


7.1 Construction of 

The starting point for closed strings, is to make the identification 

where the RHS are the K's that we have just defined (for open strings). Similarly /v M o ; n,m... is given by the 
same expressions with bars i.e. n instead of n, instead of k± p etc. 

Now let us construct the mixed K's: 


It is easily verified that 
Similarly 

This can be rewritten as 

One can easily check that 


yikift + yihn - yiyik 0lJ , = yiK h0 ^ + yiK 0 . lp - yiyik 0 ^ 

ii = X\k\ p + 

Ki,i ;l/i = yi(k 2fl - y 2 k 0p ) + ~ y2/i fc o M 


Ui Vi 

Ki,i;iii = yiKi,i;0p + ~ yj/i&O/x 


^K 11 . lp — + AiAip 


O/i 


(7.1.8) 


(7.1.9) 


42 
















as required. The pattern is very clear: 


AT 


y r 


Vi 


y J* yT 


_ 77 " | T, r _ V 1 7 

1,1, 1, ...1/x m i I? 1? l;0/i n j 0;1,1,1 /x n ! m! 


(7.1.10) 


Let us check the variation: 
SK 


-771—1 


? ,n -777 — 1 

2/i 2/i 


) 


1, b ... j ; l. ly-1 /j ^ \(m — 1)! 7^1 Q; l, 1,^..., 1 m n \ (to — 1)! ° M 

n m ™ m —1 

x (y? K | r _ iff" 1 i/P,. \ 

+ l,l,^...,l ;OM + ( n -l)! A 0; l,l,»-,l M („ - 1)! to! 

71— 1 m 


One can then see that 

K pi .p 2 ,.., 111 , ...i;«,I, ...Im = yp^P2-y<ny<i2- K i i i ; I, ...I m (7.1.12) 


with 

pi,P2,-,qi,Q2,-,> 2 , Pi^P2^ •••; 917 ^ 92 ^ ••• 

v i 

has the right gauge transformation. If any of the p are repeated i times, then p p is replaced by -f. Similarly 
for the p g . 

This completes the construction of A' ;/ . Since the basic variables are k n ,kn , q ni qn it is clear that no 
new degrees of freedom have been added to that of the free theory. However, in principle one could add to 
new variables of the form fc[ ra ] i; [m] j(! with transformation rule 

^k[n]i;[rh]jfi ~ ^pk\n] //>;fmj.y/j T ^p^[n]i;[m]/pM (7.1.13) 

where as earlier [n],/p stands for the particular partition [n]j with the one p removed. (If [n]i does not 
contain p, that term does not contribute to the gauge transformation, and can be set to zero.) This is also 
discussed in Appendix D (D). 


7.1.1 An interesting relation 

The K’s obey a relation of the form: 

^ ^ A [ n ] i ;[yft]^ p — qnkfhfi T qfhkn/i 9n9m^0M (7.1.14) 


Here, as earlier [n\i denotes a particular partition of n denoted by i and q was defined in (5.4.38). Thus for 
instance 

A^2,1m — -^2;1 M + = 92%^ + 9I^2m _ 9l92fcoM 

The gauge transformation of K n - : mp under A p is easily seen to be: 


•^A n\m[i ^pK n —p;m/i 


(7.1.15) 


Proof: The only partitions [n]i that contribute to the gauge transformation, are the ones that have at least 
one p. Take these partitions and remove one p. The remaining numbers are all possible ways of making n—p 
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- so we get all the partitions of n — p. The gauge transformation law then forces (7.1.14) to be true. This 
relation will be used in the construction of the free equations. 

For the free equations one has to keep only single derivatives in the loop variable. Thus we write 


H+ m 2 + - 


-Y for d ni d n 2 ...dfh 1 dfh2Y.... Thus the coefficient of 


ni+n 2 + ...;mi+m 2 + .. ^ -**-n;ra/x 


Of course one can still add some new variables k[ n ] it [m] n with the correct gauge transformation law 
(7.1.13), as mentioned earlier and then this would contribute to K n ^ also. This is in fact done in Appendix 
C (D). 


7.2 Free Equation 

As in the case of the open string, equations are given by the ERG (5.3.21). 


du 


dL 


i/)= dzdz' {--G(z,z')G 1 (z,z 1 ) — 


2^ Z,Z '^6 X ( Z )6 X ( Z ') 


du L[ X (u), X '(u)]} 


field independent 


du L[ X (u)\- 


dv! L[ X (u’)]}il> (7.2.16) 


8 X {z) J 1 v n 8 X (z ') 

The second term, when L\Y(u)\ is taken to be the loop variable (5.4.22) was worked out in Sec 5.4. We 
need to generalize this to the loop variable for closed strings (7.0.7). This is straightforward - we need to 
include derivatives w.r.t. the anti holomorphic variables Y f , = and also mixed derivatives Y n ^ = g x d ]) S ■ 
Thus (5.4.23) is generalized to 


' dU —*—£(«) = f du ^ 

SY^(z') w J l dY»(u) y 


dC\Y(u),Y n>ih (u)\ 


. 

“ [Y( “>, y ",- z’) + aL[Y( Y'l Y :‘f (n)] d„a,A’z - A 


dYf (u) 
8C\Y (u),Y n> m,(u)\ 


dYY(u) 

, d£[Y(u),Y n ,fn(u)] , 

d x J(u - Z ) +- - d X2 S(u - z ) 


dY£(u) X2 v ' dYf{u) 

dC\Y(u),Y n ,rn(u)\ , dC[Y{u),Y nt rn(u)\ , ) 

- — a„a,Au-z )+...+-- a,j(n-z )+..} (7.2.17) 


The variables x n ,x m in the derivatives acting on delta functions, correspond to u, and we can integrate by 

<- 2 

parts on u. Thus for the second derivative jx^zjyjgx (-") we § e t 


6X V (. 


-)I du { 


d£[Y(u),Y n: fn(u)] ^ a dC[Y(u),Y n .rn(u)] ^ ^ 

-o[u Z ) d xi , o(u zz ) 


dY^{u) 


dYU t 


= rf v 


Q (it), ln;m(«)] c, , n n d£[Y (u), l ra ,m(w)] ., ) 

—Ox, - , - 0(u — Z ) + d Xl d Xl -- o{u- Z ) + ...| 


dY^-fu) 


dYY(u) 


du 


+ 1YT S ( U - Z ') 


^dY v {u) + d Xl 5{ - U Z W^u) + dx!^ U 2 W^u) ' dx 2 

W 2 6{u ~ + d^Ml 5{u ~ Z,) d^u) + - ] 

/ dC[Y (u), YnM u )] 6 ( u _ ,//) _ dxi d£[y (u),Y nifh (u)} 


(7.2.18) 


dY% 0 (u) 


-d s 


I dY»(u) 

dC[Y(u),Y n .rn(u)\ 

dYf (u) 


dY^{u) 

U U\ , Q o dc\\ (u), Y n m(lt)] xf 'I 

5(u~ Z ) + d Xl 0 Xl - QYfiiu) - 5 ( u ~ z ) + -/ 


(7.2.19) 
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The details of the algebra are worked out in Appendix B (B). The free equation was derived using Weyl 
invariance in [42]. One difference between that derivation and this one is noteworthy. There it was assumed 
that d z d~X(z,z ) = 0. So there were no mixed derivative vertex operators. However d z d z a yf 0. Thus in the 
loop variable generalization, this meant that d Xn d Xm E ^ 0. Thus, if we assume that mixed derivatives are 
absent, then in terms of Green functions 

dx n d Sm T, = d Xn d Xm (Y(z,z)Y(z, z)) =2 (d Xn Y(z,z)d Xm Y(z,z)) (7.2.20) 

On the other hand in the present approach 

d Xn d Xm T, = d Xn d Xm (Y(z,z)Y(z,z )) = 2(d Xn Y(z,z)d Xm Y(z,z)) + 2(d Xn d Xm Y(z, z)Y(z, z)) (7.2.21) 

In the Weyl invariance approach of [42] the coefficient of the term in (7.2.20) is k n .km- In the present 
approach the two terms on the RHS of (7.2.21) come with a priori different coefficients: the first with k n .km 
and the second with K n ^-ko- Thus when we set these two equal, we get the same (correct) free equations. 
These constraints were called K-constraints in [33] and are derived in Appendix D (D). 

We first derive the EOM in flat space time. Later we generalize to curved space time. 

7.2.1 Results: Graviton 

We get for level (1,1): 

[-kokipkiv + ko-kiko^hv + k 0 .kik 0 „k lp - ki.kikopko^Y^Y^ = 0 (7.2.22) 

Let us write this equation in terms of space time fields and analyze the gauge transformations: Define 

( 2 = 

Let us also define ^ 

+ Aifcij,)) = e p 
(Aifcqu Aifcn,)) A^ 

Then the gauge transformation laws are 

SgB/j, v = cl^A,,] (7.2.25) 

The equation splits into two parts: 

-□ V + d p d»h pu + d p d v h pp - d^d v h p p = 0 (7.2.26) 

the linearized graviton equation about flat space time, and 

d p [d p B^ + d v B pp + d p B vp \ = 0 (7.2.27) 

The quantity in square brackets is just the field strength (H = cLB ) for B: 

Bpin/ — (ip Bp i/ T (i,/ Bpp A (ip B]/ P 
The graviton equation can also be written as 

2d p T ppu - dpd v h p p = 0 (7.2.28) 


(7.2.23) 


(7.2.24) 
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where r pp „ is the Christoffel connection 


r pp v — ^ djyh^p dphpi/] 


Note that at the linearized level e p does not have the interpretation of a coordinate transformation. At 
this level it is a gauge parameter with no geometrical interpretation. When we include interactions we will 
be forced to the geometrical interpretation. It is then tempting to speculate that the gauge parameter for 
the B field also has such an interpretation. In that case space time would seem to be complex with e p and 
A p being the transformation of the real and imaginary parts respectively [33] . 


7.2.2 Level (2,2): Spin 4 

1. Physical States The closed string physical states are direct products of the open string states. We 
have seen that for open strings the states at level 2 come from a two index traceless symmetric tensor. 
But the covariant description requires the trace. Thus we have the diagram 




The gauge invariant description requires many other tensor fields. In open strings q± was not allowed 
and had to be replaced. The corresponding rule for closed strings was discussed above, is that the 
number of q\ ’s and q \’s should be equal. 

2. Field Content and Gauge Transformation 

• Scalars The allowed combinations are: 

SS 22 = (< 5 ( 9292 )} = ( 2 A 29092 + 2 A 29092 } = 2A 2 “9o + 2A 22 9q (7.2.29) 

Since 9 i 2 9 i = 92929 o 9 oj S ' 1111 is not an independent field. Here we have used the q-rules separately 
for the left and right modes separately: 

9 i = 9290! A 191 = A 290 (7.2.30) 

• Vectors 

<5iS 22 = (<5(fc 2p 9 _ 2)} = (2A29 o& 2 P + Ai£q p 92 + ^ 0 ^ 292 } = 29 gA 22 + fco p A 22 

SS 22 = (<5(fc2 P 92)} = ( 2 A 290 & 2 P + Aj/cj p 92 + &o p A292) = 29oA 2 ^ + ko p A~ 2 (7.2.31) 

We have used a notation that the first number superscript refers to the level of the k’s and the 

second to the 9 ’s. For the gauge parameters, the first index refers to the level of A, the second to 

k and the third to 9 . The space time index is directly below the corresponding fc-level number. 
We have two vectors and four vector gauge parameters. We can thus set 

(Ai£:i p 9 _ 2> = 0 (7.2.32) 

without any damage to our ability to gauge away Stuckelberg fields. 
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• 2-Tensors 

Q-rules relate qiqiki^ki p to k 2 pk 2p so it is n °t an independent field. Thus we have 

= (^(^2pfc2p)) = (Aifcipfc^p + X\k\pk2f_t + kop\2k2 P + fcopA^fep) = A 1 ^ + A 1 ^ 2 + kopA 2 p + ko p A: 

ss ll 2 = (S(ki^q 2 )) = 2(X 2 qok lfl ki„ + k 0 (pXik lv) q 2 ) = 2A 2 “ 

=0 

5s l 12 = (titehpha)) = ^X 2 q 0 k- lp k l(J + k 0{ pXik 15) q 2 } = 2A 2 “ 

v 

V r 

=0 

Some of the gauge parameters that have already been set to zero earlier are shown here as being 
set to zero also. 

• 3-Tensor 


— {&{kipkii,k 2 p')) — ^\X\k\pk\pk\ v -\-kQ^pX\k\ v ^k2p J rk^pX 2 k\p i kii;') — A ^^-t-fcofpA ^^-l-fcopA 

(7.2.33) 

There is also the conjugate with bars exchanged. 

• 4-Tensor 

We focus on the four index tensor, which contains all the physical states. The four index tensor is also 
interesting because it includes as shown above, tensors with mixed symmetry. 

The world sheet action has a term (. ki.Y\) 2 {k\.Y\) 2 corresponding to the 4-tensor: 

(kipk lv k- lp k l<T ) = (7.2.34) 

We can define tensor irreps by writing (brackets denote symmetrization: S^) = S ;J(T + S„p) the 
” resolution of unity”: 


S u 


1 

24 


1 


A 3 - 1 ) 


' pupa 


g nHp*) 


12 


C( 2,2) 

^ pvp<j 


(7.2.35) 


Hereafter, for simplicity we write Sp^ pa instead of S' j^}p a - Its gauge variation is 
S{k^k lv kipk- la ) — {Xikopki^ki p ki a ) 4- {X^ko^kipk^pk^^ 4- (X\kopk\pk\vk\ (7 ') -t- (X\ko a k\pk\i,k\^) 

=> 6Sp, upcr = dpA 11 ^ + d v A n “ CT + dpA 11 ^ + d a A n ^ v (7.2.36) 

For the gauge transformation parameter A vpa = (Xiki^kipki^) irreps are defined by the resolution of 
unity which reads as: 

X^vpo = g A ^ ptJ — — A apv (7.2.37) 


In terms of these fields and gauge parameters one obtains: 
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t to 





is , 5 


— To + ^i 2 Af 3iiii + di 3 Af iili2 + ft 4 A^ iii2 ] 


0 ^ 1112 ( 13 X 4 ) 1 n [^(*1 ^-|l3U|*2) ^(*3^-|<l*21*4,)] C [%1^-|13U|X2) ^(*3-^-|ill 2 |*4)] 


12 

—tiSiliXu = ~al d (n A Lu\i 2 ) + d (i3 A ii 1 i 2 \U)] 


6 


(7.2.38) 


22 U*2*3*4 

There is an identical complex conjugate equation involving A which we do not bother to write down. 

3. Free Equation 

The free equation of motion (EOM) can be written as: 

-i^(fc 1 .F 1 ) 2 (A: I .y I ) 2 + ^koMko-Y^h.Y^ki.Yi) 2 + ^k 0 .ki(ko-Y l )(k 1 .Y 1 )(k 1 .Y 1 ) 2 + 


-i/ei.fci^o.yi) 2 ^!.^) 2 - ^k 1 .k l {k 0 .Y l f{k 1 .Y 1 )' 2 - hMko-Yi^ko-Y^ih.Y^ih.Yt) (7.2.39) 
It is gauge invariant under 


kin k\ p + Aifco^; ki p —> k\ p + Xiko p 

if we use the tracelessness condition on the gauge parameters: 

= Aifci.fcifcip = 0 = Aifci.fcjfcqi = Xxh.hhfj, 

Using (7.2.34) the EOM becomes: 

—d 2 S p , upa + d x d( ll S u )\ pcT + d x d( (J S\ pv \\ p ) 

~d[idvSx pa - — d p d a S pi/ x — ,S^ ,\|p) = 0 (7.2.40) 


4. Free Action 

It turns out that an action can also be written for this free theory: 

Sfree = -\s abcd DS abcd - 8 a S aef 9 d”S befg - d a S efga d b S efgb 

- d a d b S ab fos c cfg - d a d b S^ ab S fg c c - 4 d a d b S ea f b S e c fc 
+±(s c J g ns a afg + s fgc c ns fg a a + 4 s% g ns a fag ) 

+2 (s cde d d d b s b \ e + S de \d e d a s b ba ) 

~(s c c de ded a s b bad + S dec c d e d a S a b b ) (7.2.41) 

The EOM obtained from this action are linear combinations of (7.2.40) and its traces. 

The action is of the form S a M ab S b , where M is a symmetric in its indices. Its gauge variation is 
therefore S a M ab 8S b . Since M ab S b is the EOM, which we know is gauge invariant, it must be true that 
S(M ab S b ) = M ab SS b = 0. Thus it follows that the action is also gauge invariant. 
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7.3 Interactions 

We now turn to the issue of closed string interactions. The interactions are given by the second term in 
(5.3.21). It involves gauge invariant expression that we called a field strength because for Maxwell theory it 
is indeed the field strength. 


7.3.1 Gauge Invariant Field Strength 


We start with level 2. The interaction Lagrangian L at level 2 is best obtained by starting with the generalized 
loop variable, which we denote by £. 


L = e \ 

The field strength is given by: 

<5 r . ( dC{Y(u),Y [nUm] (u)] a£[y(u),y n; ™(u)] 


(7.3.42) 


5Yi*(z') 


dYv (u) 


-S(u — z') + 


dYf(u) 


f f * 

du C(u) = / du < - 

dC[Y{u),Y [n]Am] {u)\ dC[y (M),l N;[ffi ](M)] S(u-z')\ 

dYffu ) Xl[ dYMu) Z )J 


d Xl 5(u - z') 


J du | 


dY£(u) 
dC[Y(u),Y [nUfh] {u)\ 


dY»(u) 


6(u~z)~ [d Xl - " - ]S(u - * ) 


d£[r(u),T n; „-x(u)] 0£[1 (tt), !)„,], [?ft ](u)] 

[ ° X1 9 Y*{u) J<H “ j + [ 3:1X1 0Y*( U ) 2J+ 


2 (9£[F(w),F Wi[A ](m)] 


lai dY^. 0 (u) j + [xi ay^fa) 


-ia 2 a ^£[y(^)^N,[m](u )] 1 , a rg 2 g a£[y(u),y [n] ,[ft](u)] 

[ l1 ** ay£ 1;I («) J l j 1 Si X1 ayft^u) J ( 

+fa 2 a 2 ^) 

xi Xi ay^ 1;I i (w) J l J 

= ji/c 0 /J £(z / ) - «A' 1 ; 0 M a a;i £(y) - iK^d^C + *A' 1 ; i #i a a . i a ii £(z , )+ 

iK^.o^c + * J K' 0 ; i,ia| 1 £ - iAf^a^a^ - *A 1 ;Iii a xl a| 1 £ + iA^.p^a^a?^} 


(7.3.43) 


(7.3.44) 


We have kept only terms that contribute to level (1; 1) and (1,1; 1,1). From the structure of £ we can see 
that 

a o 

5C= ^njz-C + Xnj—C) (7.3.45) 


n,71=1,2,., 


Using (7.3.45) we can easily check that (7.3.44) is invariant under Ai,Ai variations, and at level 2, is the 
gauge invariant field strength for closed strings. We write it explicitly below: 

-ifcoM(Ai;o.yi;o)(Ao;i.y 0; i)e ifeor - k^K^.Y^e 1 ^' 
iK 1;0 ^k 0 Y 1 , 0 )(K 0 .jY 0 .- 1 )e ikoY + Ki; 0ll K 0 .jY 1 je ik ° Y 
iA 0 ;lM (A 1 ; 0 .y 1 ; 0 )(fco.y 0 ;i)e ifeoY + A 0 ;lM A 1 ; 0 yi;ie lfcor 
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-iK^koYo^ikoY^y^ - K^ko.Y^e^ (7.3.46) 

The coefficient of YfY^ can be seen to be 

kopkiftkiv -\- kipkopk^jj T k\pk\pk^y ^i-ipkopkoi, (7.3.47) 

In terms of space time fields this is 

Gppu — ( — dp{hp,v + Bpv) + dp(h p u + B pu ) + d,,(hp P + Bp P )^j — dpd v S p 

= T P p U + H P p U - dpd v S p (7.3.48) 

7.3.2 Problems with massless spin 2 field strength 

We have defined a field Sp = (K^ip). However, at level 2 the physical fields are the graviton, antisymmetric 
tensor and dilaton. In fact since K involves qi, this field strength is well defined only if the graviton and 
dilaton are massive and qo ^ 0. The gauge transformation of Sp is 

SSp = 2ep 

This means that it is a Stuckelberg field and one can fix a gauge such that it is zero. This would mean that 
the graviton has extra degrees of freedom - corresponding to a massive spin 2 field. While this is internally 
consistent this cannot describe the usual closed string states which are massless at this level. In the free 
equation of motion, only the combination kopKY i s involved. This was replaced by k\.k\ and that solved 
the problem. For the interacting case we see that some drastic modification is called for. 

Actually there is another problem. In the case of the open string we have seen that the theory continues 
to look Abelian even at the interacting level. The gauge transformation law is not modified by interactions. 
We have also pointed out that this may benot be unreasonable because we know that the gauge symmetry 
of the massless field is an Abelian U(l). For closed strings we know (from hindsight) that the massless spin 
2 describes a graviton, which is “non Abelian” in the sense that the gauge transformation is different for the 
interacting theory. 

If we combine this observation with the earlier one, a logical possibility is that both problems are solved 
if we modify our symmetry transformation rule so that we do not need a new field Sp. This was done in [33]. 

7.3.3 Solution: Introduction of “Reference ”(or “Background”) metric and modification of 
symmetry transformation 

The idea is to do two things: 1) Let us denote the loop variable gauge transformation for the massless fields 
by Sg- Let us consider another transformation 5tX^ = — We attempt to make the action invariant 
under T. If hp V transforms as a 2 index symmetric tensor under this transformation then hp V ,d z X tJ 'dzX 1 ' is 
invariant. 

Srhpv = ^hpv^x + ti^ph-xv + S, x u hpx\ StX m 

But T is not a symmetry of the theory because the kinetic term r\p V d z X ll dzX v is not invariant under 
this transformation. 

Sr^dzX^dzX") = -t M d z x»d z x v ( 7 . 3 . 49 ) 

Here = rjp V ^ v . To remedy this we modify the kinetic term to 

(»fc„ + hpdzX^dzX 1 ' (7.3.50) 

and assign to the transformation law 6 

Srh*(X) = a + + W); StX» = -e(X) (7.3.51) 

6 If we define a fully covariant then the same transformation law can be written as $xh^ u (X) = 
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Now the kinetic term is also invariant. However we have made the action depend on an arbitrary quantity 
h R . So let us add the negative of this term to the interaction term, which becomes 

(V - h* v )d z X»d- z X v (7.3.52) 

While this term is not invariant under T, it is invariant under the combined action of G and T- provided 
we identify e p = fpJThe kinetic term is also invariant under T + G because G does nothing to it and it was 
designed to be invariant under T. The transformation T + G can be called a background general coordinate 
transformation. Under this both h pl/ and h R u transform as if they were metric fluctuations about rj pv with 
the result that the difference h — h R transforms as an ordinary tensor. 

What we have achieved is the following: By introducing a reference metric and including it in the action 
we have made the action invariant under a new symmetry. This is very close to ordinary general coordinate 
transformation (GCT) but it is not the same because it also transforms the reference metric. This seems 
pointless, because we want invariance under GCT which should act only on physical fields, and not on 
auxiliary constructs. However what saves the situation is that the full action does not depend on h R u 
because we have added and subtracted it out. Since our equations treat the kinetic term and interaction 
term separately, equations will depend on h R v at all intermediate stages of the calculation. However the final 
solution obtained after solving all the equations, should not depend on h R because the starting point did 
not! Thus invariance under G + T is equivalent to invariance under GCT - because the final answer depends 
only on the physical field h pv and on this they both have the same action. 

7.3.4 Higher spin and Massive modes 

In the above discussion we did not mention the massive modes. On the one hand they all have to be made 
covariant under G + T . This means introducing background covariant derivatives depending on h R v . On 
the other hand we want the action to not depend on h R v . So one must subtract some terms. Note that if 
h R u were equal to h pu the dependence would be allowed. So what must be subtracted out is a function of 
h pi/ — h Thus for instance: 


K r , 


D 2 Y P 


n ' m>1 Dx n Dx ri 




d 2 Y p 

dXndXm 


-pRfj,ypY°) 
A pa J n ± m) 


We must subtract out the h R dependent term - but not all of it. Thus 

K - ( — - ^ _p pt 1 Y p Y a ) 

n ’ m ^dx n dx m + WnUnl 

is the required covariantization to be done when h R u = h^, u . So we subtract ' 

K n] rnp(T Rp - T %,)Y<:Y? (7.3.53) 

from a higher massive mode vertex operator (which amounts to a field redefinition of the corresponding 
space time field): 

k np k^Y p Y,l -+ \k np k ma - K n , mp (r Rp - ryiTO 

Note also that (7.3.53) is a tensor under G + T. Thus the tensorial property of the redefined field ( knpkma) 
is not affected. 

These subtractions and field redefinitions of course have to be done at all levels in a systematic way. The 
result is a theory that is background covariant, but for which the full action does not depend on the reference 
metric - even though the kinetic and interaction term separately do. 

7 This differs from [33, 34] where the subtracted term was just T'p p Y p Y rP and not the difference. The present prescription 
is superior because the subtracted term is a tensor. 
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7.3.5 Choosing the reference metric equal to the physical metric 

With this justification in mind, one can further simplify things by setting h R v = h There are no sub¬ 
tractions to be made. Then the action depends only on h R v (= v ) at all stages of the calculation, and the 
background symmetry G + T which is now identified with GCT, is manifest at all stages of the calculation. 

In non Abelian gauge theories background field methods have similar benefits. While gauge fixing makes 
the usual gauge symmetry non manifest, a new symmetry involving the background field is manifest. This 
restricts the form of the effective action. The background, which is arbitrary can then be chosen to be equal 
to the physical field. So the background gauge symmetry is the physical symmetry. So at all stages of the 
calculation the gauge symmtery is manifest. The utility of this method is described in an Appendix of [33] 
for the classical case, following the original discussion in [47] for the more complicated quantum case. 

7.3.6 On Ki-ip 

Because q 0 = 0 the expression for does not make sense for the lowest level. So we will not use that 

expression at all. The role of is now played somehow by h R . We can try to understand this as follows. 

An integration by parts can be done can be done for the following term in the interaction Lagrangian: 

J d 2 z K 1;llx d z d E Y»e ik ° Y = -\i{k 0v K v ^ + k 0 „K lih/ )d z Y' i d s Y v (7.3.54) 

Consider the gauge transformation SKi-i^ = 2e p . This gives for the interaction term a change: 

- i(k 0 + k 0 ^)d z Y^d,Y v e ikoY « -d {lt e v) d z Y' i d g Y v (7.3.55) 

But after the identification e p = T) liV ^ l/ , this is exactly the linearized transformation law for — f d 2 z h R v d z Y^d~Y v , 
the term that we added to the interaction Lagrangian. Thus the same role is played by a different term. 

The new field strength is gauge invariant : T PAt „ — r^„. Thus we can set 

— {kovKi-i^ + konK^ijy)) = — h R y = h^ (7.3.56) 

Let us use o for the D+l dimensional dot product and . for the D dimensional one. This combination is 
gauge invariant (under background transformations, where both h and h R transform). However /r runs from 
0 to D-l in the above identification because the metric fluctuation h pj , is not there in the D’th direction. 

The K-constraint is 

k 0 o K v i = fei o ki = h.ki + qiqi 
=> ko-Ki-i + q 0 Q i;i - fci.fci = qiqi 
(qiqi) = I'd is the dilaton. Also using (7.3.56) we get 

+ 9oQi ; i = ; /x = 0,.., D - 1 

Although go is zero we have not set goQi ; i to zero. In fact if we use the usual expression for I\ i ; i p we obtain 
that goQi ; i = gigi- However as mentioned above, we do not wish to use that expression for the lowest level. 

So we leave it arbitrary. In fact we can use the K constraint to define (goQi ; i) as h£ + $D- This equation 
relates the trace of the metric fluctuation to the dilaton in a gauge invariant way. We remind the reader 
that in the gauge fixed old covariant formulation, the trace of the graviton field is the dilaton. 

From equation (7.3.56) we can write 

2^ c iO%i') = + 2^0O-^i ; m) 

Let us substitute this into the graviton free equation (B.2.12): 

[~ko o koh^ + k 0 o kik 0 ^ki v + k 0 o kik 0v ki M - ki o k\k 0iJi k 0l ,] = 0 (7.3.57) 
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In this equation all dot products range from 0 to D. Since go = 0, in the first three terms we can drop go- 
The last term has a trace that includes gigi- We get ( fi = 0, ...,D — 1.) 

—koh/i,, + ko^kghpv + k^k^hpp - k 0p k 0 „(ki o k\ - k 0 .K 1;I ) = 0 (7.3.58) 

From the K-constraint k\ o k\ — ko.K 1 .j = qoQi-i = h p +$D- Thus we get (we set $£> = 0 for convenience): 

k^hpu T kopk 0 h pv + k^k^h pp ko p kQi/h P p — 0 ( 7 . 3 . 59 ) 

Let us write this equation as 

k 0 [ kophpv T kftphpv + kovhpp] kopkovh p p — 0 ( 7 . 3 . 60 ) 

Viewed as a linearized equation for a perturbation about flat space this equation can also be written as 

d p {T P p V - T« „) - dpdJhOp 

If we interpret this as an equation in the RNC, we can immediately covariantize it to 8 

V^[-V«V + + V^hpp] - vy?h p p = 0 (7.3.61) 

This is to be compared with the linearized equation for the graviton fluctuation about a given background. 
We will check this in Section 7.6.3. 

In addition to the gauge transformation, there is also the tensor rotation of h pv and h pv . This is manifestly 
a symmetry of the action when the indices are contracted. 

7.4 Covariant Description Summarized 

In the above discussion we started with flat space and explained the problem of gauge invariance and the role 
of h% in solving this problem. We then showed that the symmetry G + T also called background covariance, 
is present in the action. We now summarize this by explaining the covariance starting directly from the 
curved space viewpoint. Thus we show that the kinetic term and interaction term are separately invariant 
under G + T. We then discuss how the ERG can be made manifestly invariant. The main tool is the Taylor 
expansion that can be done in an RNC and generalized, for scalar objects, to other coordinate systems. 

7.4.1 Kinetic term 

J dz (n pv + h^(Y))Y p Y{ = jdz g^{Y(z))Y p (z)Y{(z) (7.4.62) 

This term is manifestly invariant under background general coordinate transformations where g pu (Y) trans¬ 
forms like a metric tensor. 

To do quantum calculations we need to Taylor expand g p „{Y) about a fixed point, Fo, which we take to 
be the origin of the RNC. We will refer to the RNC as Y p and let Y p = 0 be the origin. We use (A.3.17) to 
expand g pv to get [45] (as usual the bar indicates that we are in the RNC): 

95p{Y) = 4 ,( 0 ) - \R^ x m p Y x liR« 7f}X J0)Y x Y^ 

1 _ 1 c _ _ ____ 

+ ^{-6^4,40) + y R%p P m« aSp mY X Y^Y* + ... 

In the above expansion g^pi 0) can be taken to be r] a p, but for the moment we leave it as it is 
derivative vanishes at the origin in the RNC. Thus the kinetic term in the RNC becomes 

&(Y)Y p (z)Yf(z) (7.4.64) 

®Note that while T p pl/ — T R pL/ is a tensor under background coordinate transformations, r p/i „ — is not. 


(7.4.63) 
. The first 
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where we substitute (7.4.63) for g^ v (Y). This term as it stands is manifestly a scalar at the point P of the 
manifold and is easily generalized to a general coordinate system as 

g« v (Y)Yf(z)Yf(z) (7.4.65) 

Here Yf‘(z) is a vector at the point P (with coordinates Y ^) of the manifold as is clear from 

dY'v(z) _ dY'»(z) 8Y V (z) 
dz a ~ dY v (z) dz a 

Now for the quantum treatment it is necessary to expand the metric in a Taylor series (7.4.63) so that 
we have an ordinary kinetic term that can be inverted to define green function, plus additional terms that 
will be interpreted as interactions. Each term in the Taylor expansion is a tensor at the origin O. Thus only 
if we interpret Yj l (z) as a vector at the origin will it become a sum of scalars. But this is true because (see 
Appendix A (A)) the covariant derivative of a vector V 1 is defined as 

f)X a (z) 

D 0 V\z) EE + r ab {X{z))-^yv\z) (7.4.66) 

In the RNC at the origin, this becomes 

D 0 V i {z) = dpV*(z) 

because r* 6 (0) = 0. Thus Y^(z) = can be thought of as a vector at the origin (note that Y 11 is a vector 
at the origin). Thus in a general coordinate system we will write y^(0) instead of Y 11 and Y^{z) will be 
written as 

D iy ^O) 

The first term in the expansion of (7.4.65) becomes 

g^mryf = g ^(o)D iy a (o)D iy ^o) 

which is manifestly a scalar at the origin O with coordinates xo- 
Similarly the second term becomes 

4^A(0)y ,1 (0)^(0)y i “(0)^(0) = ~R^ x {0)y^0)y\0)D 1 y a {p)D l y^0) (7.4.67) 

which is a quartic interaction in the quantum world sheet theory. This will be included as part of L in 
the ERG. 

Thus we have shown that the kinetic term can be written in a manifestly background covariant form. 
Let us now turn to the interaction term involving the massless graviton. 

7.4.2 Regularization and Higher Derivative Kinetic Term 

The Wilsonian ERG was originally formulated in momentum space. Regularization is achieved by keep¬ 
ing only low momentum modes in the theory. In the present formulation, position space is being used. 
Furthermore one has to be careful about not violating general coordinate invariance. 

In position space one obvious way to regulate the theory is to add higher (world sheet) derivative terms 
to the kinetic term. If one wants a finite cutoff in (world sheet) position space then one has to work with 
a non local action (eg a lattice). In continuum language this becomes equivalent to adding arbitrarily high 
derivative terms to the kinetic term. This superficially seems to be in conflict with GCT because d^X* 1 is 
not a vector unlike djX'b One solution to this is to write (D^) 2 X IX where D^ is the covariant derivative 
introduced in Appendix A (A). The superscript R denotes that it is background covariant. In that case one 
can add terms of the form 

ASb= f d 2 z Y J c na 2n {^ + h%){D^) n X^Df) n X v 
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to the kinetic term action. The coefficients c n characterize the regulator. Powers of a n have been added to 
make the term dimensionless. Note that this introduces an additional dependence on the arbitrary h R v . 

In the loop variable formalism there is another option available. One can write 

ASo= [ d 2 Z + 

n,n 

Unlike is a vector and the above term is background GCT invariant. 

Thus as the above preliminary analysis indicates, it is possible to regulate the theory while maintaining 
general coordinate invariance. In this review we assume this is possible. As a result there is a well defined 
regularized Green function, for which one can write a covariant Taylor expansion. 

If h R = then any dependence in the action on h R v is allowed. Otherwise we have to subtract terms 
in the interaction Lagrangian to cancel the unwanted dependence on h R introduced in the kinetic term. This 
involves adding terms of the form h^Y^Y?. Such terms are already present in the action so this merely 
results in field redefinitions of massive fields. 

In [33] some speculations were made on the possible new space time symmetries of string theory suggested 
by the presence of these terms. Since the ideas have not been developed sufficiently, we do not describe them 
in this review. 

7.4.3 Massless Interactions 

The graviton term in the world sheet theory can be written in terms of h = h — h R v in the RNC as 

J dz h^(Y(z))Y R (z)Y{(z) = J dz J dk 0 h^(k 0 )e ikoS '( z) Yf(z)Y{(z) (7.4.68) 


h flu {Y) is an ordinary tensor under background general coordinate transformation and thus this term is 
manifestly invariant. As was done above, this can be expanded in a Taylor series using (A.3. 17). This is 
equivalent to expanding the exponential in powers of ho- Thus (7.4.68) becomes (commas are covariant 
derivatives): 


[V(0) + V,p(0)F"(O) + W(0) - 0) + RWXp{mY P {0)Y°{0) + ...}Yf(0)Y?(0) 

= [V(o)+Wo )y p (°) + W(o) -V(o) +rX h^m}y p W{o) + ..]D iy ^o)D iy v {o) 

(7.4.69) 

Thus we have shown that the kinetic term and massless graviton vertex operator term in the world sheet 
action can be written in a manifestly background covariant form (i.e. invariant under G + T). For the 
massive modes Section 7.3.4 explains how manifest invariance under G + T is achieved. 

This concludes our discussion of how the world sheet action can be made manifestly invariant, starting 
from an action written in RNC. 

7.5 ERG in curved space time 

We now turn to the ERG which is also initially written using RNC. We show that it can also be written 
in a manifestly background covariant form. If both the world sheet action, and the ERG acting on it are 
manifestly symmetric, the resulting equations will also have the symmetry. In an actual calculation it is 
much easier to work in the RNC system. Thus the strategy will be to work in the RNC, obtain the equations, 
and then covariantize using the techniques of Section 6. 
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7.5.1 Covariantizing ERG 

We reproduce the ERG equation here. This is written in flat space time. We will replace X^ by when 
we are in curved space time. 


J du -g-i/j = J dzdz' {——G(z,z')G 1 (z,z') — 


2^^ Z,Z ')[sX^ Z )dX-{ Z ') 


du L[X(u), X'{u)\[ + 


field independent 


du L[X(u)\ 


8X v {z') 


du' L[X(u')]}i/j = 0 


SX^^z) 

(7.5.70) 

Here G llv (z. z') = ( X^{z)X v {z')). In curved space time X M is not a vector and the Green function does 
not have nice transformation properties. More precisely, the combination X M (z) jxjrrpj is what occurs in the 
ERG and this is not an invariant object. Y 11 SY i(~) 011 the other hand is a well defined object. In Appendix 
A (A) equation (A.6.32) defines 

dYi J - - 

y^P) = ^;l pY^Yp) 

a geometric object, namely the tangent vector to the geodesic at P. Thus y^{P) SY t(?) |p is an invariant 
quantity. Thus 

is a well defined scalar object. When z = z' it is the first term in the ERG, acting on L. 

r r § 2 r 


dz / dz' <j r{z)y v {z)) 


And when z ^ z' it gives the second term 


5Y> t (z)8Y u (z) 


du L[u\ 


dz J dz' (i y>*(z)y v (z'))gy^j J du L[u) J du' L[u'] 


7.5.2 Interaction Term and Covariant OPE 

The second term involves vertex operators at different points. Typically one performs an OPE to rewrite 
it as a sum of operators. The coefficient of any particular operator is the interaction term of an equation 
of motion for a field dual to that operator. The coefficient of that operator in the first term of the ERG 
provides the free part of the equation of motion for that field. It is thus essential to perform the OPE in a 
covariant way. 

The issue of the covariant OPE was discussed in Section 6 in the context of open strings. The same issues 
are present for closed strings. The only new ingredient is that one has to expand in z and z. We repeat 
some of the points here for convenience. There are two ingredients in an OPE: a Taylor expansion and a 
contraction. Let us illustrate this with the simplest example. 9 


e ikX{z) e ipX( 0) _ e ikX(z)+ipX{0) _ e ik(X{0)+zd z X{0)+zd E X(0)+^z 2 dlX(0)+zzd z diX(0)+^z 2 d^X(0) + ..,)+ipX{0) 

(7.5.71) 

In order to take care of self contractions we can introduce the normal ordered vertex operators by 

e ikX(z) _ a 2 . & ikX{z) . (7.5.72) 

®Let us take / d?x (V.Y) 2 = / d?z dzXdzX as our action. Then ( X(z)X(w )) = I- We set a' = 4tt for 

convenience. 
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and 


^ikX(z)+ipX(0) _ e i{(ifc.A(z)+ipA(0))(ifc.A(z)+ipA(0))) . ikX(z)+ipX(0 ) . 

_ ^ In a 2 — k.p In (|z| 2 +a 2 ) . ^?fcA(z) + ipA'(0) . 


_ e - (t2 a 2 — k.p In (|z| 2 +a 2 ) . ifc(A(0)+za si A(0)+z9 2 A(0) + |z 2 9 2 A(0)+zz9 2 0 2 A(0) + iz 2 0 2 A(0)..)+ipA(0) . 

(7.5.73) 

We have used a choice of cutoff Green function G(z, 0; a) = In (\z\ 2 + a 2 ) for illustration. These equations 
are written in flat space. In curved space time one has to be more careful. It has been argued in an earlier 
section that it is possible to regularize the theory on the world sheet while maintaining space time background 
general coordinate invariance. However non local expressions cannot easily be written in covariant form and 
the simplest way to get covariant expressions is to perform covariant Taylor expansions. Thus to begin with 
the Green function needs to be Taylor expanded. Thus {y^(z)y v ( 0)) has to be expressed as a power series in 
z, z and then each term has to be covariantized. The results are given in Appendix A (A). Thus for instance 
we write in the RNC (below symmetrization does not have a normalization factor of n! - so that is explicitly 
multiplied.) 

Y\z) = Y\ 0) + z a K( 0) + + Z -^-d a d^ 0) + 0) + ... 

= no) + z a Yi( 0) + ^A>n°) + —7r-/A./GK'(0) 


z a z Pz^z^ 


1 


, 4! -[D a DpD 7 Yfi(0) + ~{R\ ac { 0 ) + R\ ad mY( 6 m^)DpY^m 

which is a covariant expansion. 

Thus the Green function is expanded as 


G^(z, 0; a) = G ij (0,0; a) + z a (d a G ij (z, 0; «))| 2=0 


z a zP 

2 ! 


{d a d/3G lJ (z, 0;a))| z=o 


(7.5.74) 


(7.5.75) 


Note that every term is finite because of the presence of a cutoff. Each term involves the metric tensor, 
Riemann tensor and (covariant) derivatives thereof, all evaluated at one point, which can be taken to be 
the origin of the RNC. Similar expansions have to be done for the terms in the world sheet action which 
are products of space time fields and vertex operators. These are given in Appendix A (A). The covariant 
looking expansions are done in RNC, but the full object (product of field and vertex operators occurring in 
the interaction term of the ERG) is a scalar and the expansion is therefore valid in any coordinate system. 
Thus as an example (B.1.9) in Appendix A (A) gives the following result, which can be used in an OPE: 


Siixwmz) = 


Si(X( 0))At(0) + zPl-S z (X(0))D { pX' a) (0) + V^(X( 0))X*J^(0)] 


z 0 z a i 


+ 


— [-V J -5 i (X(0))£> ( ^ ) + ( 

D^DpX^SiiXiO)) 


V (< V J - ) S i (A(0)) + 1 ^ . (x(0))5;(x(0)))x fc x ^ (0) + 

+ (Vj5j(A’(0)))Z) ( ^A o , ) ) i A^(0)] 


+... (7.5.76) 

Thus to conclude: We have all the necessary ingredients for a covariant equation. Both the ERG and 
the action have been written in manifestly covariant form. We also have a covariant OPE. The result of all 
this is therefore covariant. Having assured ourselves that the result is covariant, we are free to work in the 
RNC where the equations are simpler, and covariantize everything in the end. This is computationally far 
simpler. In Section 6 we gave an algorithm for covariantizing the loop variable equation. This can be used. 
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Two points that need to be noted: 

1. In Section 6 we had to perform some field redefinitions at the intermediate stages of the calculation in 
order to preserve the gauge invariance of the equations in curved space time. When the world sheet action 
is written in covariant form this step has to be incorporated and the same field redefinitions have to be 
performed. We will not bother to do this because we never actually use the covariant form of the world 
sheet action. Instead, are going to be working in the RNC with loop variables and the covariantization is 
only done at the last stage when we map to space time fields. 

2. The metric is completely arbitrary. So it is consistent to set it equal to the physical metric. In that 
case the field h^ that represents the graviton is actually zero. All interaction involving the gravitational 
field involves only the curvature tensor. Furthermore the symmetry G + T which is manifest is the usual 
general coordinate invariance. For many purposes this choice is simpler and more convenient. 

While keeping in mind the option of setting h= 0, we now proceed to write the background covariant 
form of the equations involving the graviton h^. 

7.6 Background Covariant Equation for h tw 

We first evaluate the field strength corresponding to h^ which involves acting with the functional derivative 
(7.3.43) once. We write S m t = f duL[u\. We work in the RNC and covariantize at the end. 

7.6.1 Field Strength 

The functional derivative below gives the field strength: 

SSint d SSint 8 $ Sint 
6 Yp(z) ~ dx i 5Yf(z ) ~~ SYf(z) ~ 

?«»)) - §=(?«) - +1 Y>(z){R^{a) + 

+ [V(J») + \Y^W«(z)(Rf„ t ( 0) + 0))]P',(*) (7.6.77) 

where h^ = h pi , — h.R and all arguments of fields have been displayed to avoid confusion. The bars on 
the metric fluctuation and curvature tensor are just to remind us that we are working in the RNC. The free 
indices are contracted with vertex operators and the second field strength in the interaction term. It then 
becomes a scalar. Anticipating this, to go to a general coordinate system we just remove the bars. The field 
strength tensor is, to this order, 

p P ,u{Y) = l[^{Y{z)) - ?(z )) - fe(?W) + 0) + R% vf >m + ■■■] (7.6.78) 

The field h , and the curvature tensor are gauge covariant and thus so is the field strength. 

The first term involving h is at a general point Y and has to be Taylor expanded about the origin in 
powers of Y. The term involving the curvature tensor is already at O (Y) and is non leading. (It contributes 
to leading order in the free equation derived below.) 

We can write the leading term in a general coordinate system by the usual procedure of writing back¬ 
ground covariant derivatives: 

(r PM „ - r* „) i(v£v + - v*v) = (7.6.79) 

Similarly a non leading term (in powers of Y) is 

Iy?(z)(RK^( 0) + R^ vP m 
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which can be covariantized to 


0) + (7.6.80) 

where y p was defined in (A.6.32) of Appendix A (A) and used in Sec 7.5 while covariantizing the ERG. In 
addition to this there are terms of order 0(E) coming from the Taylor expansion of r pp „ 

Y°V R f pp „(0) y°V R t piiV { 0) (7.6.81) 

The full field strength is a sum of all these: (7.6.79), (7.6.80) and (7.6.81) and higher order terms. 

If we choose h pt/ = h R „ then the only term in the field strength is (7.6.80) and higher derivatives of the 
curvature tensor. 

\y 0 {z){R pv ^( 0) + R p ^m + ... (7.6.82) 


7.6.2 Free Equation 

The free graviton equation for the metric fluctuation about flat space was derived in Section 7.3 and is (with 
the dilaton field 4 >d =0): 

d p (r ppJ , - - d^dJiPp = 0 (7.6.83) 

(7.6.83) is the RNC version ( at the origin where T fl (0) = 0) of the covariant equations in a general coordinate 
system: 

V R (g R °r f p/w ) - = 0 (7.6.84) 

where 

f =-\-X7 R h +\7 R h +X7 R h 1 

L PLLV 2 I- v P "'P'V ' v [I u pv ' v V u PP-\ 

We work out for completeness the contribution due to the rest of the terms involving the background 
curvature tensor. The equation in loop variable notation is 

-[—+ k 0 .ki{ko^ki v + ko^) ~ ko^kovki.ki] = 0 (7.6.85) 

The equation is being evaluated at the origin O, where Y p = 0, so only the quadratic term contributes - the 
cubic and higher order terms do not contribute. 

Therefore we use 

k^k lv = \Y a Y^{R R av ^) +R R aflP m 

in the above and obtain 

-R%,YfY{ (7.6.86) 

Thus the total for the graviton contribution to the free graviton EOM is (dropping bars): 

« + \7 R (g R ° p f P#1V ) - ^ R V R h p p )Y p Y{ (7-6.87) 


7.6.3 Comparison with Einstein’s Equation 

This free equation in the first case should be compared with what one expects for a graviton from Einstein’s 
vacuum equation R= 0 expanded to linear order in h, about a background. One can expand as follows: 

Ruv = R^v + SR^ (7.6.88) 

To evaluate SR, go to an inertial frame with T = 0 at the point under consideration, 

= 8pT^ v - d v T^ p 
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So 


6R l 


[LpV 


= dp5Y a p „ - d v 5Y 


p0 


Now unlike Y a , 5Y a uu is a tensor, so the above equation, if written covariantly, is valid in all frames: 


pis 


SR a n0 V = - v„dr“ M/3 

(7.6.89) 

So we get the Palatini equation: 


SRpv = SR a n av = v Q <sr% - V„5T“ a 

(7.6.90) 

We now show that to linear order in h (or h), 


e-pQ: _ pa pi?o: Rotp-p 

01 pis ~ 1 pis 1 pis — y 1 

(7.6.91) 

where 

~(X7 R h 4- X7 R h —X7 R h ) = Y R 

r, V v p n pv w v v ripp v p ) — i p p V 


Writing g pG = g Rpa + Sg pa we get 


r% - T R l = g RpG (Y p „„ - r« „) + 5g pG Y ppu 


= g Rpa (T P iuf — Y R pv ) + 5g pa Y R p „ 

to linear order in h. 

Now consider the RHS of (7.6.91). Expand the covariant derivatives: 

(7.6.92) 

n R P a \(Y — F fl ) — Y Ra h ] 

y LV 1 ppi L p/iv) L !iu n pa\ 

(7.6.93) 


If we now take into account the fact that 5g pa = —g Rpa h a pg Rl3a we see that (7.6.92) and (7.6.93) are 
equal and we have the result (7.6.91). Furthermore taking the trace of (7.6.91) we get 


puy. 


_ y^Rct 

1 fict 


= g Rap §(v 


li hpai 


+ w 

1 v n 


■h _ X7 K h ' 

' L HP v p n pa. 


= -\/ R h p 

2 A* P 


(7.6.94) 


Inserting (7.6.91) and (7.6.94) into (7.6.90) we obtain the equation for h in the background metric 
(including for completeness the background contribution): 

R% + v*(<?^f „„) - \vy R h p p = 0 (7.6.95) 

which is the covariantized equation that we obtained in the loop variable approach in Section 7.6.2, (7.6.87). 
Finally if we set h pv = h R „ (so that h = 0) then the free equation simply reduces to Einstein’s equation 

Rtiv = 0 


7.6.4 Interactions of the graviton 

The interaction terms will involving OPE of the field strength with itself as well as with field strengths of 
other modes. The field strength was given to leading order in Section 7.6.1 ((7. 6.79),(7.6.80),(7.6. 81)). One 
has to expand the OPE covariantly. This has been described in Section 7.5.2 and can be applied here in a 
fairly obvious way. We will not describe this again. 

In the last few subsections we have described at some length the contribution of the graviton to the 
equation of motion. There was some subtlety in this because of the dual role of the graviton: On the one 
hand it is just another mode of the closed string and on the other, being massless one has to describe in a 
convenient way the gauge symmetry associated with it - which is general covariance. 

The massive modes are more straightforward from this point of view. Nevertheless one has to resolve the 
clash between general covariance of their EOM and the higher “broken” gauge symmetries associated with 
them. This clash, at the algebraic level, is the same as the one we faced for the open string modes for which 
a solution was presented in Section 6. The solution was given there as a four step algorithm and the same 
algorithm can be applied mutatis mutandis for closed string massive modes also. 
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7.7 Example: Closed String - Level (2, 2) 

In this section we work out the result for the first massive level of closed strings. The free equation of motion 
and free action were worked out in Section 7.2.2. We give here the free equation in a curved space time 
background using the technique for mapping from loop variable expressions to fields in curved space time 
described in Section 6. The loop variable equation of motion is 

+ ^koMko.Yi){ki.Yi){h-Yi) 2 + \k 0 M{k 0 Y l ){k l .Y l ){k 1 .Y l ) 2 + 

-^kxMiko-Yifih.Yif - ^hMko-Yifiki.Yi) 2 - k 1 .ki(ko.Yi)(k 0 .Y L )(k 1 .Y 1 )(ki.Y L ) = 0 (7.7.96) 

It is gauge invariant under 

k\p —> kip + Aifco/d k\p —> ki p + Xikofj, 

if we use the tracelessness condition on the gauge parameters: 

Xiki.kfki^ = Xiki-kikifj, = 0 = Xiki.kik lfM = Xih.hhp (7.7.97) 

The fields were also defined in Sec 7.2. We specialize to the four index tensor and define the dimensionally 
reduced fields: 

(k lfl k lv k lp k lrT ) ^lpli/lpla 

(qiki v ki p ki a ) = Suvipi^qo 
{qikipki^kip) SipivipiqQ 

(7.7.98) 

(7.7.99) 

and similarly for the remaining fields. We hope the notation is clear to the reader. Consider the first term 
in (7.7.96) (the bar on Y indicates RNC): 

kUh.Yrfiki.Yi ) 2 = klk llx k lv k lp ki a Y^Y{Y{ (7.7.100) 

Thus we need to map k^kipki^kipk^ to a space-time field using our modified prescription. 

The four index tensor equation map is quite tedious to work out. There is no new complication that 
arises except that we need the Taylor expansion in RNC (A.3. 17) to higher orders. So we will only give 
outlines. 

The constraints (A.2. 8) can be mapped directly to space-time field constraints. If it is zero in flat space, 
it continues to be zero even in curved space since the extra curvature couplings in curved space are also 
linear in the constraint. 

Step 1 

Let kip = kip + yik 0 p and k\p = kip + yik 0 p. Then we obtain: 

k'okipkivkipkia. = kl(kip + yik 0 p)(ki v + yik 0v ){ki p + yik 0p )(ki a + yik 0<7 ) (7.7.101) 

This has to be done for each term in (7.7.96). 

Step 2 

We define some tilde fields at the intermediate stage as: 


( kipkh/kipkifj ) 

^l/ilislplcr 

{yikiukipha) 

= Sllvlplo 

{yikipkiykip) 

= Slplvllp 

{yiVikipkia) 

= Surlier 

{y\kipki„) 

= Slplvll 


(7.7.102) 
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etc. 


We need to work out the map between these sets of fields. We have 

(qiQiqioi) = -Sun = qoiyiyimyi) = qo^im 


(7.7.103) 


(qiqmhp) 


’1111p 


qoivmyiihp + yikop)) 

9oSiin p + Q’oVpS'nij 


(7.7.104) 


(qiqihpha) 

Slllplo- 


yoViikiph* + yikopha + yikoahp + yjkopkocr) 
9oSiiipi a + g 0 2 VpSnn CT + qffi aSinip + ( 7oVpV cr ,S' 1: m 


Solving these equation for the tilde fields one obtains: 


(7.7.105) 


^1111 — 

l s - 
% 



Pll/ill = 

'S’lipli 

9o 3 

Vp/Sllll 

qo 


1 

‘Plllplo- 

V (p5' 11 ji cr ) 

, VpV^Snn 

1 11 Iplo 

q 2 

9o 

4 

qo 


(7.7.106) 


The above equations are essentially the same as was given in the last section for open strings. We further 
need expressions for the three and four index tensors. 

After some straightforward algebra one finds the following relation for the three index tensor: 


S- 


iivipia — - - - 2 [^SnipiCT + VpSn^n^ + VaSimpiJ 

qo ?o 


+ “ [^p^^Sinio- + VffVySmp! + V a VpS lll/U ] 4— a V„V P S 1 m 
% qo 

rS n JlA 


+ 3 ( i? 


A | 77) A 
pvcr ' 1 * ovp 


)[- 


^XPUili . f / r)A , \rSllAlli 


9o 


qo 


■] + o i^erpv + R\,pa)[- 


q$ 


(7.7.107) 


Finally using the same methods the four index tensor is seen to satisfy a relation of the form 


Sipivlpia = Sipivlpia + (lower index tensors) 


Using (7.7.106) and (7.7.107), one can solve for S lfllv i p i <7 in terms of the ordinary fields. We do not work 
it out here. Thus we have expressions for the tilde fields in terms of original fields. This is the end of Step 2. 

Step 3 

Using the results of (A.3.17) we obtain for instance: 


(/cq ki^kxiikipkifj) 

(klyikopkivkipkia) 


V 2 Suilpvpa — ^(R X p,Sllll\vpcr + kt^SmipXpcr + R^pRllllpvXa + -R A (T ‘^llllp!'pA) 
VpV 2 5 nn ,p CT — (-R^Vp^uuApa + R X pS/ pSulh, Xa + ^ pSllllvpx) 


^p,R\S\111Xpa 


V a R\S 


p°llllv\(T 


+ S7 U R\S 


a°llll^pX ) 


(7.7.108) 


We do not bother to write down the rest of the terms. As the number of derivatives increase the expressions 
become more complicated. Hopefully it is clear to the reader that given the taylor expansion (A.3. 17) the 
terms can easily be written down. 
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Step 4 

The last step is to plug in the results of Step 2 into (7.7.108) and obtain expressions involving the original 
fields and then insert these into (7.7.101). Since the map from loop variables to space time fields has been 
done in such a way that gauge transformations are well defined, the gauge invariance of the loop variable 
expression guarantees the gauge invariance of the field theory expression. 

This has to be done for each term in the equation of motion (7.7.96). We do not work out the details 
since the details are not very illuminating and there are no further conceptual issues. 

It should also be clear that all higher derivative terms not involving the curvature tensor cancel and 
reproduce the flat space result. Then the curvature couplings to the four index tensor field give the naive 
covariantization just as in (6.3.34). The remaining terms are curvature coupling to Stuckelberg fields. These 
involve higher derivatives and are required for gauge invariance. However they can be set to zero by a 
choice of gauge and so propagation of physical fields is described by a second order differential equation. 
Presumably this is sufficient for classical consistency of the theory. 

7.8 Central Charge 

In the BRST formulation of string theory, which is a gauge invariant one, the extra dimension corresponds 
to a bosonized ghost field field on the world sheet. Accordingly the central charge contribution of this is 
-26. This is cancelled by a contribution of +26 from 26 space time coordinates. This cancellation is crucial 
for gauge invariance. Furthermore although formally an extra dimension, in detail the ghost has different 
dynamics. Not only that, the equations of motion for the massive fields are not in a form that would be 
obtained by dimensional reduction of a massless theory in one higher dimension. In [30] it was also shown 
that in 26 dimensions it is possible to do field redefinitions that bring the free equations of motion into 
standard form - i.e. of a dimensionally reduced massless theory. 

In the loop variable approach the viewpoint is that space time gauge invariance is the primary require¬ 
ment. The construction described in the earlier sections achieves this requirement. However the extra 
coordinate behaves more or less like an extra dimension. It plays the role of producing the effects of the 
naive world sheet scaling dimension in terms of an anomalous dimension where qo is the momentum in 
the extra dimension. But if this is not to affect the value of the poles of the scattering amplitudes it must 
be true that the correlation function of these field must vanish except at coincident points. Thus it must 
behave like a massive (on the world sheet) field. A priori it is not clear what the connection is with the 
bosonized ghost field. Furthermore it is not clear why the central charge should be -26 and hence there is 
no critical dimension. It seems natural to conclude that only in 26 dimensions is this theory equivalent to 
critical string theory. In fact in [40] it was shown (and reviewed here in Section 8) that at least for level 2 
and 3 open string modes, it is possible to redefine fields such that the physical state constraints and gauge 
transformations in the loop variable approach have exactly the same form as in string theory old covariant 
formalism provided the critical dimension is 26 and the masses of the fields have the string theory value. 

In other dimensions the theory can still be gauge invariant and have massless gauge fields, so it does 
not seem to have the properties usually ascribed to non critical strings. We do not have an answer to this 
question. Nevertheless there is a more limited sense in which the question can be asked. In the world sheet 
RG approach to string theory the critical dimension constraint arises as an equation of motion for the dilaton 
whose vertex operator is taken as d z d z a. The EOM for the dilaton thus has a term D — 26 in it. Thus we 
can at least ask about the dilaton equation in the loop variable formalism and whether the central charge 
term arises. We give a partial answer to this question. 

In Section 5.3 we saw that the ERG has a field independent term ^TrGG^ 1 . This gives the contribution 
to the trace anomaly from the determinant (or equivalently the measure in Fujikawa’s interpretation). It 
has non universal divergent parts and a universal finite part proportional to d z d z a where a is the Liouvillc 
mode and gives the central charge. 

The connection to the dilaton comes from the observation [2, 48] that normal ordering operators such as 
d z Xd~X produces d z d z o on a curved world sheet. This is the form of the trace of the kinetic term and the 
coefficient of this is the dilaton. Alternatively in the loop variable approach one can take operators of the 
form Qi.id z d z 0e lq ° e which on normal ordering produces qcQi-id z d z a. Thus we can expect qoQi-i to stand 
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for the dilaton. In fact we have seen that it stands for h p p + $D- So if we set = h pv (so that h = 0), then 
indeed it stands for the dilaton operator. Thus we can expect the dilaton equation to include a contribution 
from the central charge. The precise connection between the bosonized ghost and the extra coordinate in 
the loop variable formalism needs to be clarified in order to find the central charge. 


8 Connection with the Old Covariant Formalism 

In this section we review some results that have been worked out in [40] on the relation between the loop 
variable method and the old covariant formalism that was alluded to in the last section 10 This can be 
viewed as the first steps towards a proof that in the critical dimension, the two approaches describe the same 
physical theory. The discussion is confined to the open string and that too for the first two massive levels. 
Hopefully it can be generalized. 

8.1 Old Covariant Formalism 

In the OC formalism the physical state constraints are given by the action of L +n ,n > 0 and gauge trans¬ 
formations by the action of L- n ,n > 0. In [41] a closed form expression is given for the following: 

e £„ A -" L +vE„ fc " r "|o) (8.1.109) 

where Y n = , Y 0 = Y = X. We will need it mainly to linear order in A„ which can be obtained from: 

e-i y r xy e ^ n k n Y n ( 8 . 1 . 110 ) 

where y T = (.., I 3 , Y 2 . Y\, —ik 0 , —iki, —2ik 2 , —3ik3 ,....) and A is a matrix whose elements are given by: 

(Em,n ^ m+n 

( 8 . 1 . 110 ) will be used below. 

8.1.1 Level 2 
Vertex operators 

The level two vertex operators are obtained from 

gifco.K+ifei.n+^.^iQ^ = e iko.X( _ \ klii k lv dX p dX u + ik^d 2 X» + ...)|0) (8.1.111) 

Action of L± n 

Using (8.1.110) we get 

kl 

exp [Ao(-^- + ik\Y\ + 2ik 2 Y 2 ) + A-i(k\.k 0 + 2ik 2 .Y\) 

T A _2 (2k 2 .ko + —ki.ki) + Ai(ikiX 2 + ikg.Yi) 


+A 2 (—ifi-Yi +ik 0 Y 2 )]e iko * +ikl •i >1 + ife2 -^| 0 ) (8.1.112) 

Since the vertex operators of interest have two fci’s or one k 2 , the action of L +n on them will give a term 
with two fci’s or one k 2 . L +2 will give a term of level zero and multiplied by A 2 and and L + \ will give a 
term of level one and multiplied by Ai. To get gauge transformations L_i,L _2 we need to extract the level 
two terms that have A_i and A _2 respectively. We can write down terms quite easily: 

10 In [40] at level 3 the Q-rules were not used. Here we have used the Q-rules right from the beginning. Thus the discussion 
on Level 3 is modified a little. 
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1. AqLq : 


A 0 [y {~k 1 ^k lv dX> i dX v + ik 2fl d 2 X^) - k^k^dX^dX" + 2 ik 2fl d 2 X»} e M |0) (8.1.113) 

2. A-iLn. : 

A_i[jfei.fco ik lfi dX» + 2 ik 2 ^dX»] e ik ° x \0) (8.1.114) 

3. \_2^2 : 

A_ 2 [2 k 2 .k 0 + ifci.fci] e lko X \0) (8.1.115) 


4. AiL_n. : 


Ai [ik^&X* - k lfl k 0v dX^dX v ] e ifc ° A '|0) (8.1.116) 

(It is easy to see that the above is just XiL_iiki /d dX^ e tk °’ x \0)) 

A 2 L—2 : 

X 2 [~dX.dX + ik 0fl d 2 X»] e ifeo A '|0) (8.1.117) 

(This is just A2T-2e* fe ° ' Y |0)) 


The Lq = 1 equation gives the mass shell condition and the requirements Li,L2 V|0) = 0 give additional 
physical state constraints. 

Since L n |0) = 0, n > —1, the constraints given above are equivalent to [L n ,V\ = 0 ,n > —1. For the 
gauge transformations L_ 2 |0) ^ 0. So L_ n V |0) = [L_„, V]|0) + Vl- n |0) and differs from the commutator. 
In LV formalism one does not include the second term viz. action on the vacuum. This has to be accounted 
for by field redefinitions. 

Liouville Mode 

One can obtain the physical state constraints, which are the action of L +n , also by looking at the Liouville 
mode dependence. The Liouville mode,, p , is related to X n at linear order by 


dX 

dt 


= P 


where A (t) = Ant 1 ” and p(t) = p( 0) + tdp{ 0) + \d 2 p{ 0) + .... Thus we get 


Aq — p, A_i 



A-2 = |j9 2 p, A_ 3 = -jy<9 3 p 


(8.1.118) 


(8.1.119) 


This way of looking at the constraints is useful for purposes of comparison with the LV formalism. 
Thus 


giko.Y-\-iki.Yi-\-ik2.Y2 ^iko.Y-\-iki.Yi+ik2.Y 2 . 


e ±[k%(XX)+2k 1 .k 0 (XdX)+k 1 .k 1 (dXdX)+2k 2 .k 0 (Xd 2 X)] 


_. giko.Y+ik\.Y\+ik 2 .Y2 . [fcgP+2/ci .ko^dp+ki .ki ^d 2 p+2k 2 -ko ^ d 2 p\ ^g ^ 120 ) 

The Liouville mode dependence is obtained using (8.1.119), (8.1.112). This implies {XX) = p, {XdX) = 
Ap, {Xd 2 X) = \d 2 p , {dXdX) = \d 2 p. These can be derived by other methods also [49]. 

In addition to the anomalous dependences, the Liouville mode also enters at the classical level. This 
can be obtained by writing covariant derivatives. The vertex operators on the boundary involve covariant 
derivatives Vj, where x is the coordinate along the boundary of the world sheet. The vertex operators on 
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the boundary should be : / dxV where V is a one dimensional vector vertex operator or f dxy/gS where S 
is one dimensional scalar. Note that g xx = g (in one dimension) and g xx = i The simplest vertex operator 
is thus V x X = d x X (since X is a scalar). Further X X X = g xx X7 x X and using X X T X = -Xd x (^/gT x ) we 
get X x X x X = -X d x yfgg xx d x X = -Xd x -Xd x X is a scalar. Thus ^/IjV X V X X = d x -^d x X is the vertex 
operator with two derivatives. One can similarly show that d x -Xd x -^d x X is the vertex operator with three 
derivatives. This pattern continues. 

The metric on the boundary induced by the metric on the bulk is: 


_ dz dz _ 

9xx 9zz 9zz 

OX OX 

Thus in conformal coordinates since g zz = e ~ 2p , we have A= = e p . Thus 

J dx dX, j dx e p (d 2 X + dpdX), j dx e 2p (d 3 X + 3 d 2 Xdp + dXd 2 p ),... 


( 8 . 1 . 121 ) 


( 8 . 1 . 122 ) 


Or if we remove f dx^fg we get 

e p dX, e 2p (d 2 X + dpdX), e 3p (d 3 X + 3d 2 Xdp + dXd 2 p ),... (8.1.123) 


for the vertex operators. The power of e p now counts the dimension of the unintegrated vertex operators. 
Inserting this into (8.1.137) we get: 


_ giko-X+iki.e p dX+ik 2 -e 2p (d 2 X+dpdX) , ^ {k X) p+2k\ .kg ^ dp+k\ .k\ ^d 2 p+2k^-ko ^d 2 p] 


(8.1.124) 


This expression gives the complete p dependence to linear order. The coefficient of A_i = \dp is 
2ik2pdX p + h.koiki^dX' 2 and that of A_2 = \d 2 p is (^fci.fci + 2A’2.fco) as required. 

Space-time Fields 

We can define fields as usual [23, 16] by replacing ki^ku, by and k 2 p by A M . Thus the level two 
boundary action is 

J dx [-U>, 1 „dX p dX v +iA fi d 2 X p ] 

The gauge parameters are obtained by replacing Aifci M by e p and A 2 by € 2 - Then we have the following: 
Constraints: The mass shell constraint fixes p 2 + 2 = 0. In addition we have, 


1 . 


p v $ vp + 2A P = 0 


(8.1.125) 


2 . 


$0 + 4 Pv A v = 0 


(8.1.126) 


Gauge transformations: 


S®*" = r] pv e 2 + p {pj t v) 


SA p =p p e 2 + e p (8.1.127) 

On mass shell ( p 2 + 2 = 0), if we set £2 = 0 and p^e^ = 0 then the constraints are invariant under the 
gauge transformations. This symmetry (which corresponds to L_ 1 ) allows us to gauge away all transverse 
Ap that satisfy p.A = 0. The constraint then says that the longitudinal part is equal to the trace of 4>. 
Furthermore there is an additional symmetry: the constraints are invariant under the gauge transformations 
with = |p /i e 2 , along with the mass shell condition p 2 + 2 = 0 and the critical dimension D = 26. Both 
these symmetries transformations correspond to adding zero norm states: states that are physical as well as 
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pure gauge. The second one allows us to remove the trace of $ or equivalently the longitudinal component of 
A 4 as well. This second symmetry thus reduces the number of physical degrees by one again. The net effect is 
to remove two polarizations, which is why the light cone gauge description with D-2 polarizations is possible. 
It is easy to see that this second gauge transformation corresponds to the state (L _ 2 + |T?_ 1 )e lfc ° x |0). 
Finally, when all the dust settles, we are left with one symmetric, traceless, transverse 2-tensor, which are 
described by the light cone oscillators as described earlier in Section 4. 


8.1.2 Level 3 
Vertex Operators 

The vertex operators in the OC formalism at this level can be written down as follows: 

gik 0 .Y+ik 1 .Y 1 +ik 2 .Y2+ik3Y 3 lQ\ _ 


(... + i^-d 3 X» - k 2tl k lv d 2 X tl dX v - iha^KdX> i dX v dX p + ...)e ife ° x |0) (8.1.128) 

Action of L± n 

Using the same equation (8.1.110) one gets: 

exp [X 3 (ik 0 -Y 3 — Yi.Y 2 ) + X 2 [ik\Y 3 + ik 3 Y 2 --—) + X\{i2k 2 Y 3 + ik\Y 2 + ikoYi) 

k 2 

+X 0 {i3k 3 Y 3 + 2ik 2 Y 2 + ik\X\ H—+ X—i(i3k 3 Y 2 + i2k 2 Y\ + fci.fco) 

+X- 2 (i3k 3 Yi + 2 k 2 .k 0 + ^i) + X- 3 (3k 3 .ko + 2k 2 M)}j k °* +ikl * l+ik ^ +ik3 * 3 \V) (8.1.129) 

One can extract as before the action of L +n on the vertex operators of dimension three by extracting terms 
of dimension 3 — n involving k 3 , k 2 k\ and k\k\k\ in (8.1.129). Similarly gauge transformations corresponding 
to L_ n are obtained by extracting the level three terms that have A„ in (8.1.129). 

1 . AqLq : 


Ao(3 + y)[^Kf - k 2fi k lv Y£Y" - ik^hMpY^Yf) 


(8.1.130) 


2. A_iLj. : 


\-i[{i3k Sli + ik2 lt k 1 .k 0 )Yf - (2 k 2lt k lv + 


(8.1.131) 


3. A_ 2 L 2 ‘ 


A_ 2 [*3 k^Yf + 2k 2 .k 0 ik 1 ^Y'l L + ^p-iki^Yf] 


(8.1.132) 


4. A_ 3 L 3 : 


A- 3 [3A:o.fc 3 + 2k 2 .ki] 


(8.1.133) 


5. AiL_i : 


Ai [Hk^Yf - k lli k lv Y?Y}' 


ko „k 2 „YfY 2 v + ^k lv h pY^Yf] 


(8.1.134) 


67 







6. A 2 L—2 : 



(8.1.135) 


7. A 3 L —3 : 


A 3 [ik 0 ^ - Y1.Y2] 


(8.1.136) 


Liouville Mode 


Exactly as in the level two case one can get the Liouville mode dependences - both the classical and 
anomalous terms. 


gifco.K+ifci.Yi +ifc 2 • >2 +ifc 3 . y 3 =• eiko-Y+ik^Yi+ika.Ya+ika.Ya . 
e ^[k^(XX)+2k 1 .ko(XdX)+k 1 .k 1 (aXdX)+2k2.ko(Xd 1 2 X)+2k 3 .ko(^ L X)+2k2.k 1 (d 2 XdX)] 


This is the anomalous dependence. Using covariant derivatives gives the classical part also: 

e ik 0 -X+ik 1 .e>’dX+ik2.e 2p (d 2 X+dpdX)+i±k3.e 3p (d 3 X+3d 2 Xdp+dXd 2 p) . 


[k 2 p+2ki .ko ^dp+ki .ki^d 2 p+2k2-ko^d 2 p+2k3.ko^-g^+2k2-ki 


(8.1.137) 


We have used (d 3 XX) = and ( d 2 XdX) = ^2 ■ Using (8.1.119) giving the relation between A„ and 
d n p one can check that this is the same as the results given above. This form is useful for comparison with 
the loop variable formalism where analogous terms are present. 

Space-time Fields 

We introduce space-time fields as before by replacing k\ p k\ v ki p by by B^ + C^ where B 

is symmetric and C is antisymmetric, and fcg by AY. Thus the boundary action is 



For the gauge parameters we let A 3 be € 3 , \ 2 k\ p be e^ 2 , Ai k 2 P be e 21 and Xiki^ku, be e^. We then 
have: 

Constraints: 

The mass shell constraint Lq = 1 becomes p 2 + 4 = 0. In addition, 

1. Li 


p u {B P i, + C pi ,) + 3 A p — 0 


(8.1.138) 


2 . L 



(8.1.139) 


3. L 3 



(8.1.140) 


4. L/2 


f" 4 W' ( R + C vtt ) 



(8.1.141) 
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Gauge Transformations: 


S^p = + p^etfl 


5(B^ + CH = ^e\ 2 + p v e^ + + e 3 <" 


= pP e3 + e? 2 + 2e 21 (8.1.142) 

(Symmetrization indicated in the first line involves adding two other orderings giving three permutations for 
each term.) 

Invariance of Constraints under Gauge Transformations: 

One can show that the constraints are invariant under the gauge transformation under some conditions. 
Invariance of constraint 1 imposes the following condition on the gauge parameters using: 


P-e 12 + 4e 3 = 0 

p v eninv + 3ei2 p, + (p 2 + 6)e2i p, = 0 

Invariance of constraint 2 requires: 

p 2 +4 = 0 

P^tnifiv + 3ei2/i + 2e2i/x = 0 

p.ei 2 + 4e 3 = 0 


(8.1.143) 


(8.1.144) 


Clearly for p 2 = —4 the two sets (8.1.143) and (8.1.144) are equivalent. 

Invariance of constraint 3 requires (using the above conditions) the following additional condition between 
gauge parameters. 


2D + 3p 2 — 20 , 8(p.e 2 i) , n 

-24- £3 + ^^ + 24 = ° 


(8.1.145) 


Finally using the above conditions and setting D = 26 and p 2 + 4 = 0 one finds that the fourth constraint 
is satisfied. 

Using ein^j/ one can gauge away B and using one of the vector parameters e 3 2 M one can gauge away 
Ap. (The second vector gauge parameter is then fixed by the conditions (8.1.143).) Then constraint 1 says 
that Cfj, v is transverse and constraint 2 says that Qpv P is transverse. Using these we also see from constraint 
4 that is traceless. Thus we have a traceless and transverse symmetric two tensor and an antisymmetric 
two tensor which is the correct count for level 3 open strings. 


8.2 Loop Variable Formalism 

We now consider the system of constraints and gauge transformations in the loop variable approach. The 
generalized Liouville mode (£) dependence is given in (3.2.17) in Section 3.2. 

We consider the level two and three operators in turn. 

8.2.1 Level 2 
Vertex Operators 


+ iq 2 e 2 - - ^-0101 - k 1 pq 1 Yl l d 1 

1 OTj 1 dT, 

+i(kipY^ + g 1 0 1 )(fc 1 .fc o + gigcOxv; -b (^2-fco + 929 o)tt^ -b 

2 ox i 2 ox 2 

-i-^qiY{Y"0 1 - 
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(8.2.146) 


(fci.fci +gigi) 1 d 2 E _ 9E ikn Y 
2 2 9a; 2 9a:2 

We have written the dimensionally reduced version. Weyl Invariance is independence of E. The coeffi¬ 
cients of E and its derivatives have to be set to zero. There are the constraints. It will be seen that field 
redefinitions will make these equivalent to the constraints of the OC formalism (8.1.125) and (8.1.126). This 
implies that the classical Liouville mode dependence is included here indirectly through terms involving q n . 

Space-time Fields, Gauge Transformations and Constraints 

• Space-time Fields: 

The fields are obtained by setting ki^ku, ~ k 2 ^ ~ S %, ki^qiqo ~ S^, qiqi « S 11 , and q 2 qo ~ £> 2 . 
The gauge parameters are A 2 ~ A 2 , Aifci^ ss , Aigigo ~ An. 

• Gauge Transformations: 

SSg = All 8 S% = An +P 11 A 2 , 6 S& = K, + /A n , 

6 S 2 = A 25 q + An, SSn = 2An (8.2.147) 

Now one can make the following identifications: q±q± ~ q 2 qo, k\^qi ~ ^ 2^90 , and Aigi « A 2 <Zo- This 
gives: S n « S 2 and An « 2A 2 and the gauge transformations are consistent with these 

identifications. 

• Constraints: 

The coefficient of E gives the usual mass shell condition p 2 + Qq = 0. Note that the (mass ) 2 equals the 
dimension of the operator, but the E dependence representing this (and also all other E dependences) 
comes from an anomaly rather than from the classical dependence as in the OC formalism. 


1. Coefficient of 

<9 2 E 

dx'f 

ki-ki +qiqi =0 

=►^ + 52 = 0 

(8.2.148) 

2. Coefficient of 

as 

8 X 2 

k 2 -k 3 + <?29o = 0 

=> P^s% + S 2 = 0 

(8.2.149) 

3. Coefficient of 

as 

a*i 1 

(ki.k 0 + qiq 0 )ki^, = 0 

=► p v Sg + 2 S% = 0 

(8.2.150) 


The constraint proportional to is seen to be a linear combination of the above. The equations of 
motion are obtained by setting the variational derivative of E equal to zero, and are gauge invariant. 


8.2.2 Level 3 

Vertex Operator The complete Level 3 gauge covariantized vertex operator is: 

e^ s KfT + iq 3 e 3 - k^k^YfYf- 
qiq20i6 2 - k^q 2 Yfe 2 - k 2 ^q 1 Yfe 1 - i kl ^ k " Y?Y?Y£ - i^f(0 1) 3 

1 dTi 

+ i ( k 2 11Y2 + 92^2)(^i-^'o + Q'lQ'o)^^ - 
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1 dT, 1 1 <9 2 E 

+*( W + + ^o)^ + ^i-ki + 9191 ) 2 ( 5 ^ 


as, 

5lE 2 ' 


,, . ,iss ,, , , 1 , a 2 s 

+(f03.to + ®»>2^ + (fe-fe + ««>2<ai^ 


<9E ife y 

“ a^ )|e 


Space-time Fields, Gauge Transformations and Constraints 
• Space-time Fields 

This was worked out in Section 4 (8.2.152) and we reproduce it here for convenience: 

(ki^kiukip) = Snipi/p 
= 4l 2 i [p V ] 

{k2(y.kiv) = k\pk\ v q\) = S2i(pu) 

(k 3 ^o = kipql = -(kifj,q2 + &2/i9i)9o ) = S 3 ^qg 

( k\^q2) = S\2p. 


(939o = 929150 = ql) = S 3 ql 


• Gauge Parameters 


(8.2.151) 


(8.2.152) 


(Ai9i9i = -(A 2 9i + Ai9 2 )9o = A 3 q^) 

( 2^192 - A 2 9i)) 

(Xiqikip = —{\ 2 kip + Xik2p,)qo) 

{-^(X 2 kip - Xik 2 p)) 

{Xxkxpk lv ) 

Note that there is also a tracelessness condition: 


= A 3 q$ 
= 

1 


(Ai 2p + A 2 i p)q 0 = qoAsp 

(A 2 i /i — Ai 2 p) = A Ap 
111/21/ 


Am% + A 3 9 q — 0 


Gauge Transformations 


ss 3 

= 3A 3 g 0 

ss 3 p 

= 2A sp + kopA 3 

ss 12 p 

= qo[2Agp + A Ap + (A^4 + A 3 )kop 

8(Si2ii — S 3 pqo) = SSa^o 

= A A p,qo + k 0 p,A A qo 

6Sp„ 

= Am^j, + ko^Agv) 

SA^ 

<1 

O 

II 

^‘^ni/ti/p 

— fco(/iAiiij2 P ) 


(8.2.153) 


(8.2.154) 


(8.2.155) 


• Constraints 

Level 3 terms involving E derivatives in (8.2.151) give the constraints. In writing them below, the 
Q-rules (4.1.20) have been used. 


1 . 


^3-^0 + 9390 = 0 => p v S 3v + S 3 q 0 = 0 


(8.2.156) 
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2 . 

3. 

4. 

5. 

6 . 

7. 


k 2 .k i + g 2 gi = 0 => + S 3 q 0 = 0 (8.2.157) 

(k 1 .k 1 + qiqi)k^=0 => + S 3lx ql = 0 (8.2.158) 

{k 2 .k 0 + q2qo)ki t _ l = 0 +> p v {S 2 + ^ 21 ^) + SU/Wo = 0 

=> p u (S 2 i vtl + A 2 \ vp ) + (S 3p + SA/j,)qo — 0 (8.2.159) 

(fci.fco + qiqo)k lti k lv = 0 => p p Sm llV p + q%S 2 ip, v = 0 (8.2.160) 

(ki-k 0 + q\.qo)k 2 ^ = 0 => p l '(S 2 1 ^ 1 / + ^21/ii/) + 2S l 3 A1 <3 , g — 'Si2/xdo = 0 

=► p"(521, m - A 2 i^) + (S 3p - 5^)g2 = o (8.2.161) 

(fc 2 .fc 0 + Q 2 qo)qiqo =0 => p’'(2S 3 „q 0 - S 12v ) + S 3 q$ = 0 


=^p‘'(5 3 „-5 , A V )«) + 53«g = 0 (8.2.162) 

Note that the last constraint comes from -§^0i- Combining this with the first constraint gives p v S av = 
0. This is not a new constraint: Combining constraints 4 and 6 we get using the antisymmetry of A 2 i p „: 

p v A 2 \ vli + Saii = 0 => p v rA 21vtl + p^SAfj. => P^Sa^ = 0 

Constraint 6 says that only one of the vectors is independent. Constraint 1 says the scalar is not 
independent. If we remove one vector and one scalar we have the same number of fields as in the OC 
formalism. 

• Invariance of Constraints Under Gauge Transformations: It can be checked that the constraints 
are invariant under the gauge transformations provided some transversality constraints are satisfied 
by the gauge parameter. However there is no constraint on D. The mass shell constraint becomes 
p 2 + q o = 0 with arbitrary q 0 . One finds the following conditions. 

P -As + A 3 <7o = 0 

fco Ani^i, + As^g — 0 

Ani" v + A 3 <7q = 0 

p v A.a v + Aa^o = 0 (8.2.163) 

The third condition on Am^,, is nothing but the D+l dimensional tracelessness constraint on the 
gauge parameter which is always there - even for gauge invariance of the equations. The other three 
can be understood as generalized (i.e in D+l dimensions) transversality. Thus the conditions below 
are equivalent to the ones above if one uses the Q-rules. 

p v X\kipk\ v = 0 ; p^\ik 2lJ , = 0 ; p IJ ’X 2 ki fJ , = 0 ; Aifci o k\ = 0 ; p : 0 - D 

Here as before o denotes a D+l dimensional dot product. 

One can gauge away S 2 \ pl , and this automatically ensures the transversality of Sm^ p by the constraint 
5. Gauging away S 3 fi also gets rid of the trace of Sm^p by constraint 3. It also gets rid of S 3 by 
constraint 1. Thus we have a transverse traceless 3 tensor as required. The antisymmetric 2 tensor is 
transverse once Sa p is gauge away. This completes the counting of degrees of freedom. 


72 



8.3 Mapping from OC Formalism to LV Formalism 

8.3.1 Level 2 

Mapping of fields 

The mapping is given by: 


^ = sg + {rT + ^p v )S 2 

= S% + 2p> 1 S 2 (8.3.164) 

Mapping Gauge Transformations 

If one makes a LV gauge transformation with parameters and A 2 one obtains: 

S^ = p^A\\ + (rT + |p^)4A 2 

6 A* = A(\ + 9 p^ A 2 (8.3.165) 

The relative values of the different terms in (8.3.164), and therefore in the gauge transformation (8.3.165), 
are fixed by requiring that the gauge transformation be generated by some combination of L_„’s. One can 
check that (8.3.165) corresponds to a gauge transformation by 4A 2 (L_ 2 + | L^_ x ) + A^L-i. 

Mapping Constraints 

Now consider the constraint (8.1.126). We see that 

+ 2 A» = pvSg + 2 S% + (5 - |gg)j/S 2 (8.3.166) 

Only for = 2 does it become the LV constraint p v S Furthermore 

4 p.A + ^ = 4 p.S 2 + + [(D - |gg) - 8<? 0 2 ]S 2 (8.3.167) 

This should equal 

4 (p.S 2 + S 2 ) + S? lfl + S 2 (8.3.168) 

This fixes D = 26 (using q q = 2). Thus we see that the while the LV equations are gauge invariant 
in any dimension, when we require equivalence with OC formalism the critical dimension is picked out. 

Equivalence of OC and LV Formalisms 

Now we can see that the LV formalism is equivalent to the OC formalism: Start with a vertex operator 
in the OC formalism with fields that obey (8.3.166, 8.3.167). This implies that the corresponding LV vertex 
operator obeys the same constraint (8.3.166). Similarly (8.3.167) implies (8.3.168). This is the sum of 
two constraints of the LV formalism. Since the LV formalism is gauge invariant one can choose a gauge 
(using invariance under A 2 transformations), where S 2 to equal —p.S 2 . This implies (by the constraint) that 
S\ifi + S 2 = 0. Thus if the fields obey the physical state constraints of the OC formalism, then using the 
gauge invariance, we see that the LV constraints are also satisfied. In the reverse direction it is easier because 
we just have to take a linear combination of two LV constraints (8.2.148-8.2.150) to get an OC constraint. 

We can go further in analyzing the constraints. After obtaining p.S 2 + S 2 = 0 using a A 2 transformations, 
there is a further invariance involving both A^ and A 2 with p. An + < 7 qA 2 = 0. This transformation preserves 
all the constraints. (We also have to use the mass shell condition p 2 + q^ =0.) Using this invariance we can 
set S 2 = 0 while preserving p.S 2 + S 2 = 0 — + S 2 . This then implies that p.S 2 = = 0. A very 

similar analysis done on the OC side using the constraint 4 p.A + <f>(j = 0 and the gauge transformations with 

+ | p^e that preserves the constraint (provided D = 26, q% = 2): we can use it to set p.A to zero and so 

= 0. Thus on both sides we have a transverse vector and a traceless tensor obeying + 2A fl = 0. 

There are also terms involving 9 n on the LV side. But if we focus on the equations of motion involving 
only vertex operators with Y n . then the two systems are identical. Since the physical states of the string are 


73 


conjugate to these vertex operators (that have only Y n ), this is all we need to describe the physics of string 
theory. 

Finally we can use transverse gauge transformations involving (i.e with p.e = 0) to gauge away the 
transverse vector A^ (and the same thing can be done on the LV side to gauge away S%). This leaves a 
tensor $ A ‘ 1/ which is transverse - p = 0 - and traceless. This is the right number of degrees of freedom 
for the first massive state of the bosonic open string. 

This concludes the demonstration of the equivalence of the OC formalism and LV formalism for Level 2 
at the free level. 

8.3.2 Level 3 

We have seen in earlier subsections that in both formalisms the physical degrees of freedom are the same as 
that of the open string at level 3. It is thus clear that there exists a map from one set of fields to the other. 
We have also seen that the OC formalism requires D=26 and p 2 = —4, whereas the LV formalism is valid 
in any dimension and any q 3 . Thus one expects that the map from one to the other, with both constraints 
and gauge transformations being mapped respectively, will work only in D = 26 and for q 3 = 4. We saw 
this explicitly in the last section for level 2. Level 3 is more complicated. We work out some details - just 
enough to see the critical dimension emerging. 

We start by defining a fairly general map between the fields of the OC and LV formalisms: 

^pvp fl^lllfiup V ,/*2 V:i(/TL/j) V f3^A(p,Viyp) V ,/j P(p^up) 

Bpu = biS^u + b2P(pS^ v ) + b 3 p^S Au ) + b4S 3 r]pv 
Cpi, = ciA^ + C2P[ /i 5 3j/ ] + c^p^Sav] 

Afj, = a 1 S 3lJ , + a 2 SAp, + a 3 p ll S 3 (8.3.169) 

This is not the most general map - derivatives of the scalar field can be added in some places. We now write 
down the constraints in the OC formalism and require that they be satisfied when the LV constraints are 
used. This gives us linear equations in the coefficients. These equations also involve D and q 3 . This is not 
enough to fix D or q 3 . We then require that the gauge transformations can be consistently mapped from 
one to the other (i.e. that a consistent map between the gauge parameters should exist). This gives several 
more equations. We use the tensor and vector gauge parameters in the analysis. The scalar parameters are 
not included in this analysis. The resultant equations and solution are given in Appendix D (E). We see 
that D and go get fixed exactly as in the level 2 case. We have not attempted to fix all the coefficients - it 
is quite tedious and not very illuminating for our purposes. 

Thus in this section we have shown that at Level 2 and 3, the LV formalism and OC formalism describe 
the same degrees of freedom once we analyze the constraints and gauge transformations. For level 2 we also 
gave an explicit map of the fields. The map works only in the critical dimension and with the correct string 
spectrum. We expect this to continue to be true at higher levels also and also for closed strings. 

Once the theory is gauge fixed and constraints imposed, the vertex operators are identical in the two 
theories. Thus the S-matrix is also the same. The theories describe the same physics. Thus we conclude that 
the gauge invariant ERG equations obtained here must describe string theory in the critical dimension. In 
other dimensions the theory described by the LV formalism is gauge invariant and hence plausibly consistent 
classically, but may or may not be equivalent to a non critical string theory. Quantum mechanical consistency 
is an open question. 

Note that the loop variable formalism gives results right away in a convenient form - as a massless theory 
dimensionally reduced. Neither the OC formalism nor the BRST formalism does this. The Q-rules have to 
be imposed to get the spectrum in the LV formalism to match that of strings. These rules are also consistent 
with dimensional reduction. The higher dimensional origin of this theory is intriguing. It is tempting to 
speculate that this is related to M-theory. 
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9 Conclusions and Open Questions 

The loop variable approach is an attempt to construct a formalism where all the gauge symmetries of 
string theory are present.The gauge symmetry associated with the massless graviton is general coordinate 
invariance. Making this manifest as done in standard General Relativity makes the formalism manifestly 
background independent. As a by product it gives us gauge invariant and generally covariant (interacting) 
equations of motion for massive fields in an arbitrary gravitational background. 

The main tool used is the “loop variable” - which has all the vertex operators of the string collected 
into one non local loop variable. The equations are the Exact Renormalization Group equations for the 
word sheet theory, which impose conformal invariance. An infinite number of “proper time” variables are 
present in this formalism which allows us to work in the space of all gauge transformations. This makes the 
equations gauge invariant. The main guiding principles are world sheet conformal invariance and space time 
gauge invariance. World sheet reparametrization invariance is not imposed. 

The extra coordinate that has all the auxiliary fields necessary for a gauge invariant description is the 
moral equivalent of the ghost coordinate in the BRST formalism although the precise connection is not clear. 
The origin of the critical dimension and mass spectrum are not clear. These are free parameters and can 
be chosen to match string theory. It is possible that quantum consistency will force this on us. But at the 
classical level there do not seem to be any such constraints. 

The Q-rules need to be extended to higher levels. The present method is very tedious and leads to a 
highly over determined set of linear equations that miraculously seem to have a solution. This suggests that 
some underlying pattern lies unnoticed. Furthermore the fact that the rules can be made consistent with 
dimensional reduction is also not a priori clear and again points to some underlying structure. 

Finally and perhaps most importantly the gauge transformations have a simple form of local (along 
the string) scale transformations of the generalized loop variable momenta. This was in fact the original 
motivation for this formalism. The possible geometrical space time interpretation in terms of a space time 
renormalization group (with a finite cutoff) as the symmetry group of string theory is described in [23]. The 
speculation described there is that string theory should be thought of as a method of regularizing a field 
theory by a Lorentz invariant cutoff and therefore should be equivalent to a dynamical space time lattice. 

The gauge transformations for the open string have an Abelian form which means the interactions do not 
modify it. The interactions are in terms of gauge invariant field strengths - generalizations of Maxwell field 
strengths. This is in contrast to BRST string field theory [32]. For closed strings this continues to be the case 
for the massive fields. But for the massless field this field strength is not gauge invariant unless the gauge 
transformation is modified to a non Abelian form. This then becomes general coordinate transformations. 

One can speculate on the possible space time interpretation of the other gauge symmetries of the closed 
string. For instance in Sec 7.2.1 and [33] it was noted that the gauge parameters for the graviton and 
antisymmetric tensor seem to have the natural interpretation of the real and imaginary parts of a complex 
parameter. This leads naturally to a speculation that space time coordinates could be complex. Such a 
speculation has been made earlier also [50, 51] 

The massive modes have higher gauge symmetries. These are realized in a “broken” form with Stuck- 
elberg fields. However we should remember that a massive spin 2 field with a Stuckelberg realization is 
what is naturally described by the formalism. To make the graviton massless we had to extend the gauge 
transformations to a “non Abelian” form. It is possible that extending the higher gauge symmetries to a 
non Abelian form will allow the higher spin modes to become massless as well. This would then describe a 
different theory - or a different phase of the same theory - perhaps a more symmetric form. 

We hope to return to these questions soon. 


Appendix A Riemann Normal Coordinates and Tensors 

We review some facts about Riemann Normal Coordinates [44, 45, 46]. 
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A.l Defining the Coordinate System 

1. In a manifold (with metric), first pick a coordinate system. Call it x l and let the metric be gij (We 
also occasionally use a or /r for the indices). Pick an origin O at a point labelled as x 0 . Draw geodesics 
through O. The geodesics are labelled by their unit tangent vectors at O, £* and parametrized by s the 
proper distance along the geodesic. The equation for the geodesic is 

^ + r a bc x b x c = o (A. 1 . 1 ) 


One can also write a Taylor expansion: 


, „ dx a (s). 

X (s) = x 0 T s d |s—o 


s 2 d 2 x a (s) 
~2\ ds 2 


| s =o + •■■■ 


(A.1.2) 


dearly ^^| 5 =o = Similarly 

d 2 x a {s) 
ds 2 1 

By differentiating (A.1.1) we get 


b £C 


5 =0 = r£ c (zoK(0):r c (0) = r^ c (a: 0 )CC 


= -^[r^ = -(TOW-r^[^ 


= - [d d r a bc - r“ r® c - ry^] i 6 i c ± d 




= -vrr? 


(s)x b x c x d = T% cd (s)x b x' 


b'C'd 


(A.l.3) 


3 ! (bcd)\ 

The geodesic equation (A.1.1) has been used and we have symmetrized on the indices in the last step. 
A similar calculation for d ds i s ^ gives 

- _ \f) p a _ pa p* _ f a T® — f a r® 1 'r b 'r C 'r d 'T e 

\ye*- bed -*■ bid*- ec ^ icd*- eb *- bci*- ed\ % % X X 


r 6o d e( S ) 

_Lr a (o\i.b^.c d .d-e _ pa ( \-,b -c^d-e 

— a\ 1 (bede) \ S ) X X X X ~ 1 bcde\ s ) x x x x 

Plug these into (A. 1.2) to get 

z a ( S ) = x a Q + s? + s ^rim b e + s ^n cd m b et d + ^n C d e m b ^ e +... 


It can also be shown that 


bed 


— ^bed + o (R°bdc + A“ dbc ) 

o v__- 


(A. 1.4) 


(A.l.5) 


(A.l.6) 


□I 


Since the Riemann tensor has some antisymmetric indices, it drops out of the Taylor expansion (A. 1.5). 
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2 . 


Consider an arbitrary point,P, labelled x in the original coordinate system. We give it a new label: 
Consider the geodesic starting from the origin, O, and going through P. Let the unit tangent vector be 
C■ Let y l = .sf. Choose y l to label this point. The y defines a coordinate system called Riemann 
Normal Coordinates (RNC). The relation between x and y is obtained by rewriting (A.1.5) in terms 
of y. 


(y) = x a 0 + y a + y T bMy b y c + a bc Mv b y c y d + 77^(0 )y b y c y d y e + - 


3! 


4! 


(A.1.7) 


A.2 Properties of V 

Let us put bars to denote quantities in the RNC. (For eg. rj( c ). Then if we write (A.1.5) for geodesics in 
the RNC y , then only the first term survives : y a = s£ a . Thus all the T% c (0)£ h £ c ... = 0 at the origin of the 
coordinate system. But at the origin £ a can point in any direction. Therefore it must be true that at the 
origin : 

f?c(0) = itd(O) = bcde(O) = - = 0 (A.2.8) 

Furthermore, all along the geodesic, in the RNC, ^rir = 0 - because the geodesics through the origin are 
straight lines. Thus from the geodesic equation (A. 1.1) and its derivatives we can conclude that all along 
the geodesic specified by 

h cd e...m b ^ e - = o (a.2.9) 

That (A.2.8) is a complete specification of the freedom of coordinate transformation is obvious from 
counting parameters in the coordinate transformation x'{x). If we write this as a Taylor series 


x 


fa 


dx' a 

dx b 


\x=ox b 


1 d 2 x' a 
2! dx b dx c 


\x= 0 X x 


1 d 3 x ,a 
3! dx b dx c dx d 


\ x =ox b x c x d + ...+ 


At each order the coefficients of the Taylor expansion have a tensor structure with one upper index a, followed 
by completely symmetrized lower indices b,c,d.... This is exactly the index structure of the . Thus 
their numbers are exactly the same in any dimension. 


A.3 Expansion of Tensors 

A. 3.1 Scalar 

Consider first the Taylor expansion of a scalar field about a point O labelled by Xo■ Let = x^ — Xq. 
Then 

4>(x) = 4>(x 0 ) + Ax^d^xo) + Ax" d^d u cj)(xo) + ... (A.3.10) 

Let us rewrite ordinary derivatives in terms of covariant derivatives: 

<9 m </> = V At ^ 

cW = V^V^ + F^V^ (A.3.11) 


Similarly after some algebra 

d P d^ = v p v p v^ + rf w v, A | v v) 0 + [f^ p + (A.3.12) 


In a general coordinate system Aa;^ is not a tensor, hence this is not a covariant expansion in terms of 
tensors - as the explicit presence of T’s shows. 

The solution is well known: work with y^ . In this case the relation between x and y is as given 

above: 


x a (y) =x a 0 +y a + yK c (0)y b y c + ^f£ cd (0)y W + -tl cd My b y c y d y e + 


3! 


4! 


(A.3.13) 
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We use bars over quantities to indicate that they are written in a RNC. Scalars do not transform so we do 
not need a bar. In the RNC, all the T’s in (A.3.12) vanish at the origin so one obtains a covariant expansion, 
because the y p are geometric objects - vectors - at the origin: 

<Ky) = m + y^^m + 7^vv,v^(0) + ^ y vv M v„v p 0(o)... 

= <£(0) + V^d^iO) + ^y p ’y v d p ,d v <j){ 0) + ^y tt y , 'y p d IJ .d v d p ^(0)... (A.3.14) 

i.e. in the RNC, for a scalar, the ordinary Taylor expansion is an expansion in covariant derivatives. The 
LHS is a scalar at y. Each term on the RHS is a scalar at the origin y = 0. Nevertheless, since both sides are 
scalars, one can transform the first equation, which is manifestly covariant, to any other coordinate system, 
x , with the understanding that y p transforms as a vector into: 


dx 


This 5x v ± Ax p (= x p -a#). 

A.3.2 Vector 

One can perform the same set of steps for a vector: 

Sfj,(x o + Ax) = S p (x o) + Ax p d p S p (x 0 ) + i Ax p Ax a d p d a S p (x 0 ) + ... 

= S p (x 0 ) + Ax p [S7 p S p {xo) + T v pii S v (x 0 )] + \Ax p Ax”[S7 P S7 „S p {x 0 ) + T^VxS^xq) + 2T x pt y a S x {x 0 )\ 

+ ^Ax p Ax a [f , ' crpp (x 0 ) + iR^ixoJ+r^T^ixoWxo) + ... (A.3.15) 

The equation is manifestly not covariant because of the presence of the explicit T’s. Once again we can 
rewrite this equation in the RNC, y. All the f’s are zero (at the origin, y = 0) and we get 

S P (y) = S p ( 0) + y p V p S p ( 0) + l -y p y” [V,V„S M (0) + ^^(0)^(0)] + ... (A.3.16) 

The main difference with the scalar is the appearance of the Riemann tensor and its derivatives. 

Note that the LHS is a vector at the general point y whereas the RHS is a sum of vectors at the origin 
y = 0. Thus this equation is valid only in the RNC. If we want transform to a different coordinate system 
the LHS and RHS transform differently, because they are vectors at different points. 

We can write for the LHS 

S V {V) = ^j~\v S n( x ) 

and for the RHS we can write similarly 

— 

S-W = 7T-IoSm(*o) 
oy v 

Plugging in these transformation matrices, one can relate S' M ( x) to S p (x o) and its derivatives. 
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A. 3.3 Tensor 


W ai ....a p (l/) = ^a 1 ....a p (0) + W ai .... apili {0)y» + 

1 - 1 P - 

^j{W ai ....a p ,^if(0) — R^ f j, ctkV (0)W ai ,, ak _ 1 iSa k+1 ..a p (0)}y P y + 

° fe=1 

1 P 

TTyflFai ,...a v ,)ivp (o)-E (0) 

fe=l 

1 p 

-2 E^^( 0 )^ 1 -a.- 1 ^H...»p(0) WV + ... (A.3.17) 

fc=l 

The commas denote covariant derivatives. The bars remind us that we are in an RNC. 

A.4 Expansion of Vertex Operators 

We have seen that it is easier to work with scalars. In the world sheet action the terms are all scalars, because 
the tensor indices are contracted with those of the vertex operators. For eg S ll (X(z,))d z X ,J ’(z). We use 
X(z),Y(z) to denote the world sheet fields instead of x and Y instead of RNC y. So the combined object is 
a scalar (in space time). So we study the expansion of vertex operators. This is required when one performs 
an OPE of vertex operators in the interaction term of the ERG. It is important to do this covariantly. 

The value of X is parametrized by 2 (and z for closed strings). So a Taylor expansion in z bcomes a 
Taylor expansion in X. Since 2 is a space time scalar we are guaranteed that the expansion coefficients will 
be scalars.In loop variables, we have Y(z,x n ) and the Taylor expansion is in x n . We denote these variables 
generically by z a . Thus let us choose the origin, xo, of the RNC system such that A(0) = xo- Then 

x*{z) - x*(0) = AX’ = z a d a x i ( 0) + ^-dcdpX^O) + Z -^-d a dpd 1 X i {0) + .... (A.4.18) 

Now X^ = d a X l is a vector: 

dX H (z) dX ,i (z)dX^(z) 
dz a dXi{z) dz a 

However is not a tensor. Define a covariant derivative: 

DpX' a (z) = dyXi(z) + r ab (X(z))X$(z)X b a (z) (A.4.19) 

(We will for convenience use a, b , c.. for the dummy indices and i,j, k.. for the uncontracted indices.) Then 

d 0 Xi(z) = DpXi(z) - r ba (X(z))X b (0)XZ(0) (A.4.20) 

Clearly in RNC, at the origin, f bo (A(0)) = 0, 

«(0) = DpX“(0) (A.4.21) 


d 7 dyX l a (z) = D.DpXi - r ca x;D 0 xz- d^r ba x b xz\ 

= D^DpXi - r i^DpX* - (d^r ba )x b x a a - [x b x«\ 

_ n n vi pi V'C f~) ya ( o -pi \ yb ya yi j~) r yb ya l pi r yb yc yd ya ya yc yb yd~\ 

— i ca A 7 ^ A a “ Wy 1 6<J A /3 A a 1 ha^7l A /3 A aJ — 1 bal ~ 1 cd A 7 A /3 A a ~ 1 cd A 7 A /3 A aJ 

rq rq yi yi yc ya yi t~\ r yb ya l (o -pi \ yc yb ya yi r yb yc yd ya pa yc yb yd l 

- U 1 UpA a - i ca A 1 UpA a - i ba U 1 [ApA a j - (p c L ba )A^ApA a - I ba [-i cd A 7 A /3 A Q - 1 cd A J A^A a j 

= D^pXiiz) - r UX(z))X^DpX a a (z) - TUXiz^D^XhX^z)} - YiJX{z))X°X h p XZ{z) 
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We can now symmetrize the RHS in a, f3 ,7 because the LHS is symmetric, and write 


djdpXi = -{D^DpX^ - T^X^DpXl) - Tl a D {l [X b p X^\ - 


(A.4.22) 


For the last term we have used the fact that X^Xj^XA is also symmetric now in a, 6, c. It is clear from the 
above pattern that symmetrized vertex operators will involve the T^ cde as defined in the last subsection. 

If we now specialize to RNC, where Tl cde = 0, we find that, again at the origin, 

d^dMO) = ^D h D^ a) (0) (A.4.23) 

Let us do one more: 

dsdjdpXi = ^{D^DpX^-r^XfgDjDpX^} 

-|{[rL rf - l^dac + R\ ad )]xf s x^D p x^ + r ca D is x^D 0 x^} 

-^{KtcdXtsX^X^ +r i abc D h (X*X»XZ ) )} (A.4.24) 

Note that we have used (A. 1.6) to write r* ad in terms of T l cad and the Riemann tensor. Once again 
specializing to RNC, at the origin, we get 

dgd^dpXiiO) = ±D (5 D^D fl X' a) ( 0) + ^(ff dac (0) + K l cad m\X^D 0 X^(O) 

Thus the Taylor expansion in an RNC is 


X i (z) = z a X' a ( 0) + 


z a z p 

2 ! 


DM0) 


z a z^z 1 1 


3! 3! 


D h D 0 XU 0) 


gOL gfi g 8 

ir^ 


{-D (s D 7 DpX l a) ( 0) + -(R l da M + R\ ad m}X^D p X a a) (0)} 


48 


(A.4.25) 


A.5 Expansion of Scalar Combination of Tensor and Vertex Operator 

A.5.1 Scalar 

The simplest case is again a scalar </>(X(z)) which we can expand in powers of z a . We start with 

cj)(x) = 4 >(xq) + Ax^d^xo) + -^Ax 11 Ax v d^d^^xo) + ... (A.5.26) 

and substitute for the ordinary derivatives expressions such as (A.3.12) : 

<t>(X(z)) = <MV(0)) + AA^V m 0(A(O)) + ±AX> i AX l '{V ll V„<KX(0)) +r^(A(O))V p 0(A(O)) 


+ iAA^AA^AA^{V,V,V^(X(0))+rf p/i (A(0))V| A| V, ) ^(X(0))+[f^ p+ rf /ik| r^ ) (A(0))]V^(A(0))}+... 

(A.5.27) 

This equation does not look covariant because AX* 1 is not a covariant object. For AX M we substitute 
(A.4.18) which is a sum of non covariant terms multiplied by powers of z a . But the final expression has 
a scalar on the LHS and the RHS is an expansion in z a which is a space time scalar. Accordingly each 
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term in the sum must be a scalar. We in fact do find that all the explicit non covariant T’s cancel amongst 
themselves and the result is manifestly covariant. We give the first few terms: 


<KX(z)) = <K*(0)) + z a X l a X^(X( 0)) + ^(D^X* V,-#X( 0)) + xi'XfriVrfixm 
+z a zPz^{[~D {a DpX; ) ]X^(Xm + ^DpX^ViVj^Xi 0)) 

+ iY^A' 7 t V ! V J V^(I(0))} 


+.... (A.5.28) 

This calculation has been done in a general coordinate system. Nevertheless, it could have been done in 
an RNC, where neither the expansion for </>, nor the expansion for AX has any T’s - both expansions look 
manifestly covariant. If we combine these expansions, we must necessarily obtain the same equation. Thus 

<KY(z)) = m + Y\z)X t m + ^Y i (z)Yi(z)X,X j H 0) + ^ i (;)P(z)f t (z)V,V j Vrf(0)... (A.5.29) 

and 

Y\z) = z a ?i( 0) + ^d 0 y:( 0) + /;,v;; } d)i 


+- 


gOL g 8 


4! 


0) 


48 


(ff dac (0) + R^aMWffiDpY^m 


(A.5.30) 


As explained above, while these equations look covariant, they are in fact valid only in RNC. Nevertheless 
it is easy to check that when (A.5.29) and (A.5.30) are combined we do get the same expansion (B.1.8) but 
with bars - i.e. in the RNC. But now this expression is a sum of scalars on the RHS and a scalar on the 
LHS (albeit at different points) so we can remove the bars and use this equation in any coordinate system. 


A. 5.2 Vector 

Let us now consider the vector: Si(X(z))d a X l (z) = Si(X(z))X^(z). We use (A.3.15) for the expansion of 
the vector in powers of AX* and (A.4.18) for AX'*. Both have non covariant terms but the non covariant 
terms cancel amongst themselves and the result is a manifestly covariant expansion in powers of z a . 


Si(X(z))X' a (z) = Si(X( 0))X* (0) + zP[-Si(X(0))D(pX^(0) + VjSi(X( 0))X‘X|(0)] 


z 0 z a A 


2 ! l 2 
D/„D 


-v i s < (x(o))D (/J x; ) + ( 


V (J V J) 5 1 (X(0)) 1 


- J R 1 ^(X(0))^(X(0)))X^ fe X^X;(0) + 


+- 


(aDpX^ (0)Sj(X(0)) 


+ (V j S i (X(0)))%X a) ) i X^(0)] 


+... (A.5.31) 

As with the scalar, if one works in RNC, one gets the manifestly covariant expression directly, without 
having to worry about cancellations amongst the non covariant terms. 

As mentioned above, these expansions are required when one performs OPE in the interaction term of 
the ERG. 
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A.6 Covariantizing Y^(z) 

Y^{z) is the RNC space time coordinate field that occurs in the world sheet theory. As explained above at 
some length it is a geometric object defined at the origin of the RNC and is tangent to the geodesic that 
starts from the origin, O, of the RNC and goes through a given point, P, with RNC coordinate YA It is 
thus a coordinate as well as a vector at the origin O. One may well ask if there is a geometric object at P, 
that coincides with this in the RNC. Note that Y M is a tangent to the geodesic at P as well, because in the 
RNC the geodesics are straight lines. Thus one can also think of Y M as a geometric object at P - viz the 
tangent vector to the geodesic at P, and transform it as a vector, into any other coordinate system. This is 
useful because one needs a covariant definition of the Green function, that in the RNC is ( Y /i (z)Y l '(w )). 

We elaborate on this idea: As before let A' be a general coordinate system. At a point O (with coordinates 
Ao) we set the origin of an RNC system YA The point O has coordinate Y M = 0. For a general point P 
with coordinate X , we consider a geodesic that starts from O and goes through P. Let the tangent vector to 
this geodesic at O be £p and the proper distance along this geodesic to P be tp. Then Y M = tp£p. is a 
geometric object - a vector at O, not at P. So Y M transforms as a vector at O. One would like an object that 
is a vector at P. So let us define the tangent vector field, P{P ) (or p(Xp)) of unit norm vectors tangent to 
the geodesics through O at the (general) point P. They obey 

pv*p = e 

In the RNC this equation becomes 

pv„p = e 

But we know that in the RNC all along the geodesic, 


, dp 
dX” 


+ r v uo PP = o 


, dp 
dX" 


+ r v uo pp = o 


K P PP = o 


This follows from the fact that Y M satisfies the geodesic equation 

d 2 Y^ _ dY^ dY p 

-b T"-= 0 

dt 2 w dt dt 


and S i n ce ^ = 0we get = T^pp = 0. 

dp 


dt 2 

Thus we get 


e 


dX v 


= 0 


which means P is constant along a geodesic. A solution to this is thus the constant (along a geodesic) vector 
field P(Yp) = £p. This is just the obvious fact that in the RNC geodesics are straight lines through the 
origin, so the tangent vector field is a constant (along a geodesic) vector field. We thus see that in the RNC 
Yp = tpp(Yp) is not only a coordinate, it is also a vector field, i.e. the two objects coincide. This will not 
be the case in a general coordinate system. 

Thus when we change coordinates to Y, the vector field Y M (Yp) = tpP(Yp ) transforms like a vector 
field at P to a new vector field, 


yPP) = t P p(Y P ) = tp~\pP(P) (A.6.32) 

whereas the coordinate Yp becomes Yp. 

Thus when we see an expression involving = tpP in the RNC, there are two distinct geometric 
objects that it can correspond to in a general coordinate system: y^(0) = tpP(0) or y M (P) = t p P(P). 
(This is in addition to the original interpretation as a coordinate , in which case it just becomes in a new 
coordinate system.) 
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Appendix B Free Equation 


B.l 

The details of the calculation of the Level 2 (graviton) and Level 4 free equation are given here. 

We have to evaluate the second derivative, which is given by the action of a functional derivative on 
(5.4.1): 

= J dz' J dz" G{z',z") 

/ du [ aAo i( “ - 2 '> + [ £S7 4( " “ 

r 8 .. ... d r 9 ... 8 

W ( “ ~ 2 )] a^F, + te i( “ “ 2 )1 aTf^) + 

^ + >a|k 4< “ - 2,)1 ai|b) + ■" 1 

{ a£lr a"rl[X Wl i( ““ 2 ,,) “ d - "*Sl£t* *~ z " ] 


-a 


^ 77 

(7 | ),l W ;m(7 | )] „ 9£[y(n),l ra|fft (^)] r/ ,//\ 1 

' Sl cW^w) [ z ) + o Xl o Sl QY^u) °^ u z) f 


(B.1.1) 


777 IV 

Let us evaluate the action of the derivatives on each of the four terms labeled I,II,III and IV. The result 
has to be symmetric in z’ z" and also for every term, there is also a corresponding complex conjugate 
term. This fact reduces the number of independent terms to be evaluated. (Our notation is: x n refers to u, 
x' n refers to z' and x" refers to z ". Thus for instance, ds ^ z ) = _ dS G~ z ) ) 


1. 


du n^ _-_ dC[Y{u),Y n ^rn(u)] _ , _ ,,S 

V dY v {u) dY»{u) { { ] 

= —k^C( y z')5{z' — z") 


(B.l.2) 


2 . 


= rr{- - z')ik 0 .iK 1;0 C[z "]]) + (z' o z") 


We restore the integrals over z',z ", and use G(z',z") = (Y(z')Y(z")) and integrate by parts on x',x" 
to get 

d d 


din a 


J dz dz" (— + -^-jj)(Y{ z')Y{z"))[5{z" - z')iko.iK Vfi C[z"^[ = 

= d^Ta i dJ [^r<r(^')r(/))]itoiK w £M] 
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= — j dz' G(z’, z')iko.iKi-o-^f-[jC[z'] 


We have integrated by parts again in the last step. 
Finally we can add the complex conjugate to obtain: 

d 


j dz' G(*V)(toJri;o^[£[* / ]] + k 0 .K 0;1 JrM]) (B.1.3) 


3. 


,r j « J *• g(a o / * [£«<- - OH^(. - 

d 2 c[z'] 


= »T [ dz'G{z',z')U-^ + A) 


din a 
d 


2 y dx' 2 dx'/dr/^Od^oO 2 ') 




4. The complex conjugate is: 


- J dz'G{z',z')K^.K 0 .^-{^ + 


(B.1.4) 


(B.1.5) 


5. 


6(2 ' 2 " ) (’ r / du - z ") ar & tolr t l(„) 

= [ dz'dz" G{z',z")(^ v [-^( 2 " ~ *')]: a2/:[2,/1 


+ 2 ' <H> z" 


1 dY£ 0 {z")dY''(z") 


+ z’ -H- z" 


= / dz'dz" 


d r d d 


dlna l dx' 2 dx‘ 2 


{£t + £m]G(z',z")( V ^ [S(z 


d 2 C[z" 


' dY£ 0 {z")dY''{z") 


6. Complex conjugate gives: 


= j dz’ G{z',z')(K 2 , 0 .k 0 (A-Ctf'])) 


= J dz' G{z',z')(K 0 . 2 .k 0 i^C[z"]j) 


(B.1.6) 

(B.1.7) 


7. 


' dz'dz" G(z', z ")(<- / d u [^Siu - YMu - ^) ar ffr-W 


+ z' <H> z" 


) 


d In a 
d 


J dz'dz" (y(z , ) 1 .,y(*") + Y(z')r,.i(2' 


y-z- a3£ M 


d In 


dY^{z')dY v {z') 

dz'dz" {Y{z') hl Y(z") + y(2 , )5u;l(^ , ))((^ 1; iiA:o)<5(^ - *")£[*']) 


(B.1.8) 
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(B.1.9) 


dz'dz" G(z ', z")(ri^ 1 ' [ rfu [7— <5(u — z , )][—— 5(u — z")\- 
V J ox 1 ox 1 ( 


d 2 c[v 


dY^ 0 (u)dY^(u) 


+ z' o z") 


r dz'dz" (y O:I (^)y 1;O (/0 + yo : l(^)^i;o(^))(^(^ - z ,, )(iK 1 . t0 .iK 0 .- 1 )/:[z')) 
to give 

/ dz ' [ d^ r 1 {Y{z ' )Y{z ' ))] ( {lKl ’o-MoaW]) 


d In a 

(B.1.8) and (B.1.9) can be added to give 


d In a , 


dz' G{ Z \z')(yK h0 dK 0 ,i)[-^^C[z']]) (B.1.10) 

provided the following constraint is imposed : 

K 1;0 .K 0 .i C = K^j.ko C (B.1.11) 

The constraint is gauge covariant since both sides have identical gauge transformation properties. Since AT 1; j 
is an auxiliary field (i.e. not physical) we are free to impose this constraint. In fact since A'pj.fco contains 
dpi do (for qo ^ 0) , this can be treated as an algebraic constraint on q x . \. 

The massless case (Graviton) is discussed in Section 3 and Section 4. 

Similar constraints on K n .fh occur at every level. We will refer to them as K-constraints. They are 
described in the next Appendix (D). 


B.2 Level (1,1) 

The terms calculated above are sufficient to extract the coefficient of the graviton multiplet vertex operators 
at level (1; 1), Y X . 0 Y^ and the next massive level, Y" 0 Y x . 0 Y^ l Y^e lk °'‘ , a vertex operator in closed string 
theory at level (2; 2). We revert to the notation k\ = K i ; o, k\ = K Q .\, ... below. 

We get for level (1,1): 

[ ^(jki^ki^ T ko.kiko^ki^ T ko-kiko^ki^ k\ po^o;! ^ (B.2.12) 

[-fcoA' 1;lM + /so.fciAfy + ko.kjki^ - ki.kiko^Y^ = 0 (B.2.13) 

If we use the constraint (B.1.11), then the two equations above are not independent: dotted into 

(B.2.13) is equal to the trace of (B.2.12). 

Furthermore we can dimensionally reduce (B.2.13) to get an equation that looks exactly like (B.2.13) but 
with the dot product going over D dimensions. The remaining term in the dot product cancels if we use the 
definition 

App, = -k lft + ^ k 0fl (B.2.14) 

do ^ qo do 

Note that according to this definition, when /r = D, Qi- X is fixed to: 

doQpl = did“i 

Thus g 0 Qi i also stands for the dilaton. For the other values of the indices the situation is more complicated. 
In the closed string there is the extra condition that the number of qis must equal the number of <fi’s in 
any term - this is the analog of the condition that there be no q± in the open string expressions. This means 
that the first two terms in the definition of A^.m are not allowed - either they have to be set to zero, or 
set equal to some other operator in a way that is consistent with gauge transformation. q x qi is the dilaton. 

Thus we can think of (B.2.13) as a way of defining A^.j^ in terms of the other physical fields. 

Now another subtlety here is that qo = 0 at this (massless) level. Thus it is not clear what to make of 
(B.2. 14). Since this variable does not occur in the graviton equation, after using the K-constraint, we will 
not worry about this problem. At higher level this variable occurs in conjunction with other k n ,q n so we 
can apply the Q-rules to get rid of them. Also go 7 ^ 0 at higher levels. This problem occurs only for level 1. 
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B.3 Level (2,2) 

At level ( 2 , 2 ) for Y£ fi YZ fi Y* l Yfce ik ° Y we get: 

+ ^koMko.YiKki.YiXh.Yi) 2 + ^koMiko-Y^.Y^kiYi) 2 

-^(fco-Li) 2 (%.Fi) 2 - ^(fco.Fi) 2 ^!^!) 2 - k 1 .k l (ko-Yi)(ko-Y l ){k 1 .Y 1 )(k 1 .Y I ) (B.3.15) 

This can easily be seen to be gauge invariant under k\ p —> ki p + X±ko p and k\ p — > ki„ + Xikop, after using 
the tracelessness condition on the gauge parameter, Ai k\ ,k\ = 0 = X\ki.ki and the same for its complex 
conjugate. 


Appendix C Q-rules for Level 5 

We use the notation QQ[...] for the Q-rules. 

Four Index 

QQ [kf^khfkipkifjQi] ~ ( k2pk\i/k\pk\ a T k\ p k2i/k\pk\ a T kipki^k2 p k 3(7 T kipkhykipk2cr) Qo 

QQ \k\pk\iyk\pC[\ Ai ] —qo ( K {k 2 iik\i/k\p T k\p l k 2 vkip T k\pk\vk 2 p) Ai -t- k\ p k\i/k\ p X 2 ) (C.0.1) 

Three Index 


QQ \k 2 pk\vk\pq\\ — 


QQ \k\uk\pq\ A2] 


QQ \k2pk\pq\ A1 ] 


b 3 k 3 pk lv k lp q 0 + a 3 ki p k 2 V k 2p qo + -^a 3p k 2p {k 2v ki p + k lu k 2p ) qo 
^b 3 pkip {k 3 vk\p ~h ki v k 3 p) qo T c 3 k\ p k\i,k\pq2 
-^b 3p k 3v ki p qoX\ + a 3 k2uk2 P qo^i + -^b 3p k\ v k 3p qoXi + c 3 ku,ki p q2\i 
-^a 3p k 2 ^ki p qo \2 + -^o, 3p ki u k 2 P qo ^2 + b 3 k\ u k\ p qoX 3 

b 3 k 3p ki p qo\i + —a 3p k2 P k2 P qo^i + -^b 3p k\ p k 3p qoXi + c 3 k\ p ki p q2Xi + -a 3p k2 P ki p qoX2 
a 3 k\pk 2 P qoX 2 + -zb 3p k\ p k\ p qoX 3 (C.0.2) 


Three Index 2 q’s 


QQ kipkivkipq^ 


QQ \k\pk\vk\pq\ A1 ] 

Two index 


b 3 2 (k2pk2vkip + k2 P ki„k2p + kipk2 V k2p) q 3 + C 32 ( k 3p k\ v ki p + k\ p k 3u ki p + ki p ki v k 3p ) q 5 
a32kipkivki p qoq2 

-^< 7 o (( k 2 pk lu ki p + kipk 2 vki p + kipki„k 2p ) Ai + ki p k lu ki p X 2 ) (C.0.3) 
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QQ [k2pk2 V qi] 


QQ [k 3 f j,kivqi] 


QQ [fei/91^2] 
QQ [^li/giAo] 


QQ [^3^91 Ai] 


-^d .2 (fc 3p fc 2l / + k 2p ,k 3u ) q 0 

7 -C 2 (k^k i„ + ki^kiv) go + ^b 2 {k 2p ,ku, + ki^Q 92 + a2ki p k\ v q 3 

D2a ( k 3/Jl k2 V — k 2p k 3u ) go + D 2s {k 3ll k 2v + k2 P k 3v ) q 3 + C 2a {k4 tx k\ v — ki^k^) go 

C 2s (k 4p ,k ll , + ki^kiv) g 0 + B 2a (k 2p ki v - k lp ,k 2 v) g 2 + B 2s (k 2p k lv + k lp ,k 2 „) g 2 + A 2p ki p k lv q 3 

-c 2 fc4 !/ goAi + -& 2 fc 2! ,g 2 Ai + a 2 fci;,g3Ai + -^d 2 k 3v q 3 X 2 + -& 2 fcii/g 2 A 2 + -d 2 /c 2l ,goA3 + -c 2 fci„goA4 
—C 2 a fc4,ygoAi + C' 2 s fc4 1/ goAi — B2 a k2uq2^i + B2 S k 2 v q2^i + A 2 p kh,q 3 X\ — D 2 a k 3 v qo\2 
D2 S k 3 v qo \ 2 + B 2 a ki v q 2 \2 + B2 S ku / q 2 X 2 + D 2 a k 2 v q 3 X 3 + -D 2 s fc 2 l/ goA 3 + C 2 a fci 1 / goA 4 + C 2 s /ci„goA 4 
C2ak4 P qoX\ + C 2 s k4 P ,q 0 \i + B 2 a k2 P q2Xi + -B 2 s A: 2 At g 2 Ai + A 2 p ki p q 3 Xi + D2 a k 3 pi q 3 X2 
D2 S k 3p q 3 X2 — B2 a ki p q 2 X 2 + B 2s k\ p q 2 X2 — D 2a k2 P ,qoX 3 + D 2s k2 P q 3 X 3 — C 2a fci Al goA4 + C' 2s fci /i goA4 

(C.0.4) 


Two index with g 2 


QQ [gig 2 fci,pfci ii ,] = d 2 2 {k 3p k 2v + k 2p k 3v ) ql + a 2 2 qoq 3 ki, p ki tV + 6 22 g 0 g 2 (k 2v ki tP , + k 2p ki, v ) + c 22 gp {k 4l ,ki tP + 

(C.0.5) 


QQ[fc 2 ^gi fci.i/] 

+ 

+ 


QQ [giAifci^fciji/j 
QQ [giA 2 fci,„] 


QQ[fe M giAi] 


Two index g 3 

QQ [gi fci^/ci^] 

QQ [giAifci^] = 
+ 


One index 


goM23a(fc 3 M fc 2i/ - k 2p ,k 3 „)q 0 + d 23s (k 3p/ k 2l , + k 2p k 3v q 3 + a 23 q 3 ki tP ,k ltU 
b 2 3a q 2 (-k 2 uki^ + k 2p ki tI/ ) + 6 23s g 2 (/c 2iy /ci iM + k 2tl ki iV ) + c 23a q 0 (-k 4 vk ltP + k 4 P k 1 ^) 
C2 3s qo{k4 V ki^ T k4 P k\^iX)\ 

(C.0.6) 

= b 3 2k2 P k 2v qQX\ + c 32 k 3v qQXiki tP + b 32 k 2v qQX 2 ki tfl + c 32 k 3p qlXiki^ + b 32 k 2p ,qQX2ki tl/ 

+ a32go ( ?2Aifci iM fci il/ + c 3 2q 3 X 3 k\ tP ki tl/ 

= qo(-c 23a k4uqoXi + c 23s k4,yqoXi — b 2 3a k 2 ^q 2 X\ + 6 2 3 S fc 2l/ g 2 Ai — d 2 3 a /c3„goA 2 + d 23s k 3u qoX 2 

+ d2 3a k2vqoX 3 + d2 3s k2^qoX 3 + a 23 q 3 Xiki tU + 6 2 3 a g2A 2 fci jl , + 6 2 3 S g 2 A 2 fci >1/ + c 23a qoX4ki^ 

+ c 2 3 S goA4fci >1/ ) 

= qo(c 23a k4 P qoXi + C2 3s k4 P qoXi + 6 2 3 a fc 2 /i g 2 Ai + fr 2 3 S fc 2M g 2 Ai + d 23a k 3p ,qoX2 + d 23s k 3p qoX2 
— d2 3a k2 P qoX 3 + d2 3s k2 P ,qoX 3 + a2 3 q 3 X\k\ tfJ — & 2 3 a g2A 2 fci )Al + 6 2 3 S g 2 A 2 A:i jAt — c 23a qoX4ki^ 

+ c 2 3 S goA4fci >p ) 

(C.0.7) 


d24 {k 3p k 2u + k 2p k 3 „) gj^ + a 2 4qlq 3 ki, p ,k 1 ^ + b 2A qlq2 (k2 V k ltfl + k 2p ,k 1 ^) + c 24 go (k 4v ki ttl + k 4p ,ki^) 
c 2 4WgoAi + b 2 4k2vq 3 q2X\ + d 2 4k 3u q^X2 + d24k2^q 3 X 3 + a^gpgsAifci^ + 6 2 4go?2A 2 fci il/ 
c 2 4gi)A4fci, ! / 

(C.0.8) 
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QQ [kifiqoqi] 
QQ [& 3 /i<Zi] 
QQ [91 93 * 1 ,d 
QQ [ki^q\] 
QQ [^i^i.ai] 
QQ [qf Ai] 
QQ [9192A2] 
QQ [9091A4] 
QQ [91 A3] 
QQ [9193A1] 
QQ [91A2] 
QQ [q\q 2A1] 

No index 


aik 5 , m ql + blk 3p ,q 0 q 2 + clk 2p ,q 0 q 3 + d^qoki^ + elgf 
allies,m'Zo + buk 3p q 3 q 2 + Cnk 2p q 3 q 3 + ^n949ofci,p + engffci iAl 
013 ^ 5 , m ql + h 3 k 3ll qoq 2 + Ci 3 k 2fl q 0 q 3 + di 3 qiq 0 ki^ + ei 3 qlk\^ 

3 2 2 2 2 

ai4fa^q 0 + bi4k 3 ^q 0 q 2 + Ci4k 2f ,q 0 q 3 + ei4qoq 2 ki )M + di4q 0 q4ki^ 

aiek 3 ^q 0 + bi 6 k 3 p q 0 q 2 + Cie,k 2 ^q 0 q 3 + ewq 0 q 2 ki , M + di69o94A+ M 

e i69o92Ai + ^169 o94Ai + Ci 6 qgq 3 X 2 + bieqQq 2 X 3 + aieq^X^ 

ei 29 2 Ai + ^ 129 o 94 Ai + Ci 2 q 3 q 3 X 2 + bi 2 q 3 q 2 X 3 + al 2 q^X 3 

elq 2 Xi + dlq 0 q4Xi + clg 0 93A 2 + blq 0 q 2 X 3 + alq^X 5 

en(?2 Ai + diigo^Ai + cngo93A2 + 6ngo92A3 + ang^As 

ei39 2 Ai + ^ 13 < 7 o< 74 Ai + Ci3go?3A2 + bi 3 q 3 q 2 X 3 + a^g^As 

ei4go9 2 Ai + ^i4go94Ai + C\4qlq 3 X 2 + bi4qQq 2 X 3 + a^q^X^ 

ei59o9 2 Ai + rfi59o94Ai + Ci 3 qlq 3 X 2 + bi 3 qQq 2 X 3 + 0159^5 (C.0.9) 


QQ [9194] 
QQ [qiql] 
QQ [q\ 93 ] 
QQ [95*92] 
QQ \qV\ 


B\q 2 q 3 + 4ligo95 
B 2 qoq 2 q 3 + A2q^q 5 
B 3 9o9293 + A3q^q 3 
^49o9293 + A4q^q 3 
^59q9293 + ^59o95 


(C. 0 . 10 ) 


Final solution in terms of b 2 ,C 2a ,c 23ai b 22 


| a 3 p — —^(—2 + b 3 ),b 3p — 2(—1 + 63 ), C 3 — --(—3 + 46 3 ), a 3 — —^ | 

If o cu \ A 6-62 u -6 + 7 b 2 

2 = 4 ( ‘ 2 - 5 '’ 2M2 = —’“ 2 = r h = ^sTvh 

®2a — ^ — C 2 Q, D2q = - ^2S = g (2 — 562 ), D2s = -——~, A2 p = -J . f'2 , = -4 

_ 2 12C32 1 C 32 

a 32 — 7 -p— j 032 — 3 -— 


1 5&22 , 1 622 

C 22 = o- 4 5 d j 22 = o- T’ C 32 = - 


5 5 5 

3 — 62 


5b 22 _ 1 

2(-4 + 3 b 2 ) + ^IT3 V 2 ’ 022022 - 2 + 622 


& 23 a = ^ — C 23 a, C? 23 a = ^, d 23s = -(3 — b 2 — 2b 22 ) 

C 23 s = g (3 — 5^2 — IO622), 023 = ^(~ 1 + b 2 + 2622), 623s = ^ (^ 2 + 2622) 

C24 = —(7 — 30622), <^24 = o — —J—, «24 = — 77 + 3622, 624 = —— + 3622 
o o 4 Z Z 

10 + 8622(3 — 2 C 2a ) + 4 C 2 a — 362(5 + 2C20) , (1 + 2622) ( 3 + 2 C 2 a) + 62(3 + 6C2a) 

", 61 = 


7 + 622(6 — 4672 a) + 6 C 2 a + 62(3 + 6C 2a ) 


7 + 622(6 — 4C2a) + 66*20 + 62(3 + 6 C* 2 a) 


ai = 



cl 


1 + 96 2 — 6622 + 2 C* 2 a + 662C20 + 4^22^20 _ ~7 + 2 C* 2 a + 6 2 2( _ 6 + 4 ( 7 * 2 a) + 6 2 (~3 + 6 ( 7 * 2 o) 1 

7 + 362 + 6622 + 6C*2o + 662C20 ~ 4^22^20 7 + 622(6 — 4 ( 7 * 2 a) + 6C*2a + 62 (3 + 6 ( 7 * 2 o) J 


(2 + 36 2 )(—3 + 2C'2a) 

7 + 622(6 — 4C2a) + 6(7*20 + 62(3 + 6(7*2a) 


4(2 + 4 ( 7*20 — 362(1 + 2 ( 7 * 2 a) + & 22 ( —6 + 4 ( 7 * 2 a)) 
7 + 622(6 — 4 ( 7 * 2 a) + 6 ( 7*20 + 62(3 + 6 ( 7 * 20 ) 
2(—1 + 622(6 — 4(7*2o) — 2(7*2a + 62(3 + 6(7*2a)) 
7 + 622(6 — 4 ( 7 * 2 a) + 6 ( 7 * 2 a + 62(3 + 6 ( 7 * 2 a) 


2(3 + 362 + 6622 — 2 C* 2 o + 662(7*20 — 4622 ( 7 * 2 a)) 
7 + 622(6 — 4(7*2a) + 6(7*20 + 62(3 + 6(7*2a) J 

_ 16 C 2 a _) 

7 + 622(6 — 4 ( 7 * 2 a) + 6 ( 7 * 2 a + 62(3 + 6 ( 7 * 2 a) J 


eii = 


—5 + 622(6 — 4(7*2 o) + 14 C 2 o + 62(3 + 6(7*2 o) 


ai2 = 


7 + 622(6 — 4 ( 7 * 2 a) + 6 ( 7 * 2 o + 62(3 + 6 ( 7 * 2 o) 

(2 + 8C230 + 8622( 3 + 6 c 23 a — 8(7*20) — 362(1 + 4 c 23 a _ 2(7*2a) _ 4(7*2o) 


612 = 


(7 + 622(6 — 4 ( 7 * 2 a) + 6 ( 7 * 2 a + 62(3 + 6 ( 7 * 2 a)) 

(—(1 + 2622) ( 6 + 8 c 23 o — 10 C* 2 o) + 62(3 + 6 ( 7 * 2 a)) 


C12 


7 + 622(6 — 4(7*2 o) + 6 ( 7 * 2 a + 62(3 + 6 ( 7 * 2 a)) 

(3 — 2c23o + 62(3 + 6C230) + 4(7*2o + &22(14 — 20c23 a + 24C*2a)) 


— 


(7 + 622(6 — 4(7*2a) + 6(7*2a + 62(3 + 6(7*2a)) 
( — 2(7 + 362 + 6622)0230 + 2(5 + 362 + 10622)C*2 o) 


ei2 = 


(7 + 622(6 — 4(7*2 o) + 6(7*2 o + 62(3 + 6(7*20)) 

(—3 + 6622 + 16 c 23 a + I262C230 — 2(7 + 662 + 2622)C*2o) 


ai3 


7 + 622(6 — 4 ( 7 * 2 o) + 6 ( 7 * 2 a + 62(3 + 6(7*20)) 

(6 + 362 ( 3 + 4 c 23 o — 2(7*20) + 4(7*20 — 8 (c 23 a + 6 & 22 C 230 + 2622(7*2a)) 


613 = 


(7 + 622(6 — 4 ( 7 * 2 a) + 6 ( 7 * 2 a + 62(3 + 6 ( 7 * 2 a)) 

— 6 + 8 C 23 a — 4(7*2a + 4622 ( 1 + 4 c 23 a + 2(7*2a) 


c 13 


7 + 622(6 — 4(7*2a) + 6(7*20 + 62(3 + 6(7*2a) 

(2(1 + C230 + C*2a + 362(1 — C23o + C*2a) + 26 2 2(1 + 5c23a + C*2a))) 


^13 — 


(7 + 622(6 — 4(7*2 o) + 6(7*20 + 62(3 + 6(7*20)) 
2((7 + 362 + 6622)0230 + (1 + 362 + 26 2 2)C 2 a) 


ei3 


7 + 622(6 — 4C*2a) + 6(7*2a + 62(3 + 6C*2a) 

(5 + 662 + 6622 — 16 c 23 o — I262C230 + 2(7*2a — 4622(7*20) 


a 14 = 


(7 + 362 + 6622 + 6(7*20 + 662C20 — 4622(7*20) 

(13 + 240230 + 26 22 (—33 + 72c 23 o - 74C 2o ) - 662(1 + 6c 23 o - 2C 2a ) + 2C 2o ) 


614 — 


(7 + 622(6 — 4(7*20) + 6(7*2a + 62(3 + 6(7*20)) 

(2(62(3 + 6(7*2o) + 4(1 — 3c23a + 2(7*2 o + 622(3 — 6c23a + 6C*2a)))) 
(7 + 622(6 — 4(7*2 o) + 6(7*2a + 62(3 + 6(7*2a)) 


(-5 - 60230 + 36 2 (1 + 6023 o - 2 ( 7 * 2 q) - 2 ( 7 * 2 q + 30622(1 - 2 c 23 q + 2 C 2a )) 
(7 + 622(6 — 4 ( 7 * 2 o) + 6 ( 7 * 2 a + 62(3 + 6(7*20)) 

(— 6(7 + 36 2 + 6622)0230 + 4(4 + 362 + 126 2 2 )C* 2 o) 

14 _ (7 + 622(6 - 4C*2o) + 6(7*20 + 62(3 + 6C20)) 

(—9 + I8622 + 12(4 + 362)0230 — 2(13 + 1262 + 6622)^20) 

614 = (7 + 622(6 - 4(7*2o ) + 6C20 + 62(3 + 6C*2o)) 
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a 15 = 


(11 - 8 c 2 3q + 36 2 (-l + 4 c 23o - 2 C 2a ) + 14 C 2a - 66 22 (7 + 8 c 23q + 6 C 2a )) 


bi5 — 


(7 + 6 22 (6 — 4C 2a ) + GC^a + 6 2 (3 + 6(7 2q )) 
4(—1 + 2c 23a — 2(7 2o + b 22 { 2 + 4c 23a + 4 ( 72 a )) 


Cl5 — 


7 + (> 22(6 — 4(7 2a ) + 66*20 + 6 2 (3 + 66 * 20 ) 

(—1 + 2c 23a — 26*2a + 6 2 (3 — 6 c 23q + 66*20 ) + 26 22 (11 + 10c 23 a + 66 * 2a )) 


di5 — 


(7 + 622(6 — 46 * 2 a) + 66*20 + 62(3 + 66*20)) 
2((7 + 36 2 + 66 2 2)C23a _ 46 * 2 a + 86226*20) 


eis — 


7 + 622(6 — 46* 2 a) + 66*20 + 62(3 + 66 * 2a ) 

(1 - 16 c 23 o + 6622(3 - 26 * 2 o) + IOC 20 + 62(3 - 12 c 23 o + 66 * 2 o)) 
(7 + 6 22 (6 - 46* 2a ) + 66*20 + 62(3 + 6 C 20 )) 

-(25 + 36 2 - 1026 22 + 266*20 + 6626*20 - 1246226 * 20 ) 


ai6 — 


616 — 


di6 — 


(—7 — 36 2 — 6622 — 66*2a — 66 2 6*2a + 462 2 C*2a) 

4 (— 1 + 6622 — 26*2a + 126226 * 20 ) 8 (—1 + 6622 — C* 2 a + 66226 * 20 ) 


7 + 36 2 + 6622 + 66*20 + 6626*20 — 46226*20 
8( —6*2a + 66226*20) 

7 + 36 2 + 6622 + 66*20 + 66 2 6 * 2 a — 46226*20 

-2 + 36 2 


1 Ci 6 — 


1 ei6 — 


A 1 = - 


1 + 6622 


B 1 = - 


— 7 — 36 2 — 6622 — 66*2a — 66 2 6*2o + 46226*20 

2(3 — I8622 — 26 * 2 o + 126226*20) 

7 + 36 2 + 6622 + 66*20 + 66 2 6*2a — 46226*20 
1 — 36 2 — 6622 




1 + 6622 
1 — 186 22 


1 + 6622 


. —4 + 362 + 12622 D 

' l3 ‘ TTfe- ’ Bs = 

_ -7 + 30&22 _ 

1 + 6 b„ • B ‘~ 


1 + 6622 

3(—1 + 62 + 6622) 
1 + 6622 
6(—1 + 6622) 


. —13 — 36 2 + 546 22 D 

A 5 = - ^ -j -D 5 = - 


1 + 6622 
3(4 + 62 - 2 O 622 ) 


1 + 6622 1 + 6622 

Dimensional Reduction compatibility fixes the parameters to be: 

{62 = -18/7, C 2a = 16/7, c 23 a = 16/7}; b 22 = (2 + 6 2 )/8 

This fixes all the constants. Once again the set of equations is a highly overdetermined set and it is 
somewhat surprising that a solution exists at all. It would be interesting to find the underlying logic. 


Appendix D K-constraints 

We derive the K-constraints that occur in the free equations. 

For the free part of the equation we do not need the individual K^..^ . (L4 . We can write £ in terms of 
Yn-m- Thus the coefficient of Y£. m is K [n]i-,[m] jf i = K n . mil as defined in (7.1.14). 

The general case involves combining the following two terms: 


dz' / dz"G{z', z") 


d d d d 

-o[u — z )- 


S(u — z")C + z' z" 


dx n dY m {u) dxm dYfh(u) 

= j d/^([<y n (*05*(«0) + <^m(^n(/))](*AV,.t^K 


(D.0.1) 
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and 


■5—^- nv S ( u ~ Z '^7^ S ( U ~ Z "^ C + ~ 0 z " 

UX n (JX rn uXrr.m 


J dz'G{z',z") 

= J dZ / ^[(F„;*(« , )y(z , )) + (y(« , )y n ;fl i (ir , ))](*X- n ;fi i .ifco)£ 

Now if 

{ik n -ikfh)G — (din;m*^o)^ 
then we can combine the two terms, (D.0.1) and (D.0.2), and write 

, r d 52 


dz 


dr dxr, dx 


-(Y(z')Y(z'))}(-k n .krn)C 




(D.0.2) 

(D.0.3) 


/ q2 

dz' G{z',z'){-k n .k rfl )———C (D.0.4) 

OXnOXm 

Since the K n - } mp are made of the usual loop variables and no new degrees are involved, the K-constraints 
(D.0.3) would seem to reduce the number of independent degrees of freedom. However we also have the 
option of adding one new loop variable k n - t mp, , (with p chosen to be D , so we can call it q n -m )to K n \mn 
so that the constraint plays the role of determining this variable. q n -m should be defined to have the same 
gauge transformation as viz: 


qn;m ^ Qn;m “b ^p(Zn—p;m “b Ap<Zra;m—p 

Then the constraint does not affect the degrees of freedom count. 

We have 

duk^rh “b qrhknp, dudr^zkop 

AN _ Qn Qfh Qn Qfh _ Qn Qfh 

'°cn\fh — Qfh \ Qn QO 1 Qn:fh — 1 Qn:fh 

Qo Qo Qo Qo Qo 

The constraint (D.0.3) becomes 

qn;m = k n ■ k m q n k rn . A'q + q rn k n .A'q q n q rn /i'o 

thus fixing q ni m in terms of the others. This idea was made use of in the discussion on massless spin 2 level. 


Appendix E LV to OC map 

We give below the relations between the coefficients defining the map from the LV fields to the OC fields 
that were introduced in Section 8 and reproduced below for convenience. 


$ 


livp — 
Bpv = 
= 

A„. = 


f l h> [ 11 pup ~b f‘2&3(nVvp) “b f3 ,<d /[{ji I'll;p) + f ilHjiSvp) 

+ &2P(/i5'3y) + b^p^SAv) + 

ClApv + C2P[ l j 1 S 3v ,] + CzP^Sav] 
fi + o,2Sap + asPiiSs 


(E.0.1) 


They are obtained by requiring that the constraints and gauge transformations map into each other. For 
the gauge transformation only the tensor and vector parameters were included in the analysis. These are 
enough to fix D and q 3 . 

The relation between the gauge parameters in the two formalisms turn out to be: 


(bi + 2 h 2 )Asp + b 3 hAp = esp 
(Cl + C 3 )Aaii + 2c2As^ = 6Ap 

b lAni^j, = ein^jy 


(E.0.2) 
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We have not worked out the dependence on the scalar parameter in the above. The various equations 
obtained are: 


~gp/i +/ 2 (£> + 2 ) -gg/ 4 ) (-Mo ~ O 2 + c 2 )ql) 
12 3 

h(D + 2 ) (-cigg - (63 + c 3 )gg) 


The solution is 


12 


-/ 4 <?o , (~(&2 - c 2 )q 0 + b 4 ) 


12 


ai 

2 

02 

2 

03 

2 


-T = 0 


= 0 


= 0 


Mo - 3oi + (62 - c 2 )<?0 
3a 2 - (63 - c 3 )<?o + cigo 
3a 3 + & 4 - (&2 + c 2 )g 0 


Mo 


-61 


&4- 


Mo 


, + /3 

3 + T 

/2go 


7 1 " ^ 

09 + -- 


4 «o/4 

4 


= 0 
= 0 
= 0 

= 0 
= 0 
= 0 


— 3 ci 3 gj + 2 .D &4 — 3aigo — 2b 4 qo — 4& 2 g 0 — 
3(6i + 26 2 ) — 2 c 2 — 2ai = 
36 3 - (ci + c 3 ) - a 2 = 
Ci + c 3 - & 3 - / 3 = 

2c 2 + 61 + 26 2 — 2/ 2 = 

fi + /i — b± = 


D — 26 , ^0 — 2 

a 2 = 0, al = — ((446 2 )/3), b 4 = -2b 2 , / 3 = 0, a 3 = (166 2 )/9, /2 = — 46 2 , 
fi = —((346 2 )/3), ci = -c 3 , 63=0, 61 = — ((346 2 )/3), 


(E.0.3) 


c 2 = (26 2 )/3, / 4 = 0, 


(E.0.4) 


We see that I? and go are fixed by this analysis. To fix the remaining coefficients one needs to include 
the scalar gauge transformation parameters in the analysis. 
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